Cohomogeneity one actions on hyperbolic spaces

Alberto Rodriguez Vazquez

Department of Mathematics,
University of Santiago de Compostela, Spain
E-mail: a.rodriguez@usc.es

Introduction

A cohomogeneity one action on a Riemannian manifold
M is an isometric action on M with codimension one orbits.

Properties:
» All the orbits, except at most two, are hypersurfaces.

= The orbit space is diffeomorphic to S!, [0, 1], R or [0, 1).
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Let M be a hyperbolic space over over F € {R, C,H, O}.
We can construct a solvable Lie group AN equipped with a

left invariant metric such that AN = M = G/K.
In particular, a ¥~ R, n =9 & 3 and Ky := Ng(a).
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Main problem:
Classify such actions on M up to orbit equivalence.

Known results

By [3] such an action is of one of these types:

(A) It has no singular orbits ~~ (Classified in [2]).
(B) It has 1 totally geodesic singular orbit ~~ (Classified in [1]).

(C) It has a non-totally geodesic singular orbit Sy, := Exp sy,
where s, := a® v @ 3 for v C v, with Ng (10) acting
transitively on the unit sphere of v

Theorem [1], [3], [4]

The moduli space of cohomogeneity one actions on FH" is:
s For RH™ {1,...,n—1} U{N, K}.
s For CH™:
{0, 7/2} X Zp—1U(0, 70 /2) X Zif—2) /21 U{ N, K, SO"(1,n)}.
= For HH* {N, K,SU(1,2)} U {1,2,3,4}.
» For OH*:
{K, N, Sp(1,

2) x SU(2)} U {1,2,3,6,7,8} U (4 x [0,1]).
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The problem in HH"

V C H" is a protohomogeneous subspace if there is some
H < Sp(1)Sp(n) acting transitively on its unit sphere.

Any type (C) action is induced by a protohomogeneous V.

Let § C Endg(H") be a quaternionic structure of H". Let
{J1, Jo, J3} span J satisfying JZ-2 = —Id and J,;J, 1 = J;1o0.

Ly: JxJ—=R, Ly(J,J) =

The quaternionic Kahler angle of v € V' \ {0} with

respect to V' is Oy (v) = (1, Y9, v3), with 1 < vy < (3,
such that o(L,) = {cos* @; (v, v) }i=123.
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We say that V' has constant quaternionic Kahler angle
(c.q.k.a.) if Dy (v) = Py (w) Yo, w € V \ {0}.

V' is protohomogeneous —> V has c.q.k.a.

The moduli space of cohomogeneity one actions on HH" is:

{N,K,SU(l,n+1)}u| | My,

M, E<n n<kbk< % in | < In k > 2n
k=10  (MT\R)U MR xZy) & {(0,0,0)} ooz {(0,0,0)}
k=42 {(e. 5,5} pens {0,5.9)} {(0,5.3)} 0
k#3o0dd {(Z,7,7)} 0 0 0
k=3 (R \ M) U (Mg xZa) O {(p,0.5) etz {(0,0,5)}

Ry ={(p,p,7m/2) € A € [0,7/2]},

Ry ={lp.p,m/2) €N p€ln/3,m/2)},

Ry = {(p1, w2, 93) € A= cos(ip1) + cos(gpa) — cos(3) < 1}

Ry o= {(p1, 92, 3) € A2 cos(ip1) + cos(ip2) + cos(p3) < 1, @3 # 7/2},

S = {(p1,92,03) € A cos(pr) + cos(pa) £ cos(p3) = 1}

Sketch of the proof

This is a brief sketch of our proof. Let k := dimg(V).

1. Using generalized Hairy ball theorem we classify c.q.k.a.
subspaces with k #£ 3,4[, [ € N.

2. For k # 3 we prove that if V' is protohomogeneous then
{L,},cy diagonalize simultaneously.

3.For £k =4 0, we build a CI(2) or CI(3) structure in V/,
reducing the problem to £ = 3, 4.

4. We classity c.q.k.a subspaces with k& = 3., 4.
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