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Introduction

M̄ Riemannian manifold M submanifold of M̄ G Lie group

Homogeneous submanifold

M ⊂ M̄ homogeneous :⇔ ∀p, q ∈ M there exists g ∈ Isom(M̄) such that:

g(M) = M g(p) = q

Cohomogeneity one action

G × M̄ → M̄ isometric action whose maximal orbits are hypersurfaces
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Fact

If M is the singular orbit of a cohomogeneity one action ⇒ the principal
curvatures of M are independent on the normal

⇔: CPC

Totally geodesic ⊂ CPC ⊂ Austere ⊂ Minimal

Rn, RHn: Minimal + Homogeneous ⇒ Totally geodesic [Di Scala]

In Sn

Inhomogenous examples of non-totally geodesic CPC submanifolds
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Symmetric spaces of non-compact type

M̄ ∼= G/K symmetric space of non-compact type, where
G = Isom0(M̄) K = {g ∈ G : g(o) = o}

g = k⊕ p Cartan decomposition ; θ Cartan involution

B Killing form, non-degenerate

Inner product in g: 〈X ,Y 〉Bθ
= −B(θX ,Y ), X ,Y ∈ g

{ad(H) : H ∈ a} self-adjoint commutative endomorphisms

g = g0 ⊕
(⊕

α∈Σ gα
)

root space decomposition

gλ = {X ∈ g : [A,X ] = λ(A)X , for all A ∈ a}, λ ∈ a∗

Σ = {λ ∈ a∗ : gλ 6= 0} set of roots ; Σ = Σ+ ∪ Σ−

Iwasawa decomposition

g = k⊕ a⊕ n n =
⊕

α∈Σ+ gα nilpotent

M̄ as a Lie group

a⊕ n Lie subalgebra  AN y M̄ free, transitive

M̄ ∼= AN solvable Lie group with left invariant metric
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CPC submanifolds

Π ⊂ Σ set of simple roots

A positive root is simple :⇔ cannot be written as sum of positive roots

Dynkin diagram

αrα1

Ar

αr−1 αrα1

Br , Cr

αr−1 αrα1

BCr

αr−2 αr

αr−1

α1

Dr

α5 α4 α3 α1

α2

α6

E6

α6 α5 α4 α3 α1

α2

α7

E7

α7 α6 α5 α4 α3 α1

α2

α8

E8

α2 α3 α4α1

F4

α2α1

G2



CPC submanifolds

Π ⊂ Σ set of simple roots

A positive root is simple :⇔ cannot be written as sum of positive roots

Setup of the problem

a⊕ n Π′ = {α ∈ Π : 2α /∈ Σ} V ⊂
⊕

α∈Π′ gα

s = a⊕ (n	 V ) ; S · o

In which cases is S · o a CPC submanifold?

V0 ⊂ gα0 V1 ⊂ gα1

α0 α1

V = V0 ⊕ V1 ; S · o
{

To(S · o) = s
νo(S · o) = V0 ⊕ V1

S|a = 0 (A · o totally geodesic)
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CPC submanifolds

1 [α0] = {α0, α1, α0 + α1}
gα0 gα0+α1 gα1

SL3(R)/SO3

SL3(C)/SU3

SU∗6 /Sp3

E−26
6 /F4

2 |α0| ≥ |λ|:
gλ gλ+α0

gλ+α0+α1

XCPC

3 |α0| < |λ|:

gλ gλ+α0
gλ+2α0+α1

gλ+2α0

gλ+α0+α1

gλ+2α0+2α1

XCPC
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CPC submanifolds

V0 ⊂ gα0 V1 ⊂ gα1

α0 α1

More than two roots? ⇒ At least two orthogonal roots

gλ gλ+α0

gλ+α1 gλ+α0+α1

Why not roots of different length?

ξ ∈ Vα ⊂ gα ⇒ SξX = ±|α|
2
X

Why not V ⊂ gα0 ⊕ gα1 diagonally?

If s = a⊕ (n	 V ) is a subalgebra ⇒ V = V0 ⊕ V1
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CPC submanifolds

Π′ set of reduced simple roots (α ∈ Π, 2α /∈ Σ)

Main Theorem

Let s = a⊕ (n	 V ), with V subspace of
⊕

α∈Π′ gα. Then, S · o is CPC if
and only if:

(i) There exists a simple root λ ∈ Π′ such that V ⊂ gλ

(ii) V = V0 ⊕ V1, with Vk ⊂ gαk for k ∈ {0, 1}, where
α0 α1

are simple roots with the same length and one of the following
statements holds:

(a) V0 ⊕ V1 = gα0 ⊕ gα1

(b) V0, V1 isomorphic to R
(c) V0, V1 isomorphic to C w.r.t. ad(T ) for some T ∈ k0

(d) V0, V1 isomorphic to H w.r.t. ad(l) for some l ⊂ k0

J. Berndt, V. Sanmart́ın-López, Submanifolds with constant principal
curvatures in Riemannian symmetric spaces, arXiv:1805.10088
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