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POLAR HOMOGENEOUS FOLIATIONS ON SYMMETRIC SPACES
OF RANK ONE

JOSE CARLOS DIAZ-RAMOS AND JUAN MANUEL LORENZO-NAVEIRO

ABSTRACT. We classify polar homogeneous foliations on rank one symmetric spaces
of noncompact type up to orbit equivalence.

1. INTRODUCTION

An isometric action of a Lie group G on a Riemannian manifold M is polar if it
admits a section, that is, a connected submanifold > that meets every orbit of the
action orthogonally. We also say that the G-action is hyperpolar if it admits a flat
section. The archetypal example of a polar action is the standard representation of
the orthogonal group O(2) on the Euclidean plane R?. Here, the sections are precisely
the straight lines that go through the origin. Similarly, the action of O(n) on the
vector space Sym,, (R) of all n x n symmetric matrices is also polar and the subspace
of all diagonal matrices is a section. In view of this example, the elements of a section
are commonly understood as canonical forms of the elements of the ambient space.
Polar actions (and in particular cohomogeneity one actions) have been extensively used
in invariant theory [31] as well as in the construction of new examples of manifolds
with exceptional holonomy [12] or inhomogeneous Einstein metrics [10], to name a few
examples. For a general treatment on the main properties of polar actions, we refer the
reader to [23, 31].

In this article, we are interested in classifying polar actions on Riemannian manifolds
up to orbit equivalence. The natural choice of ambient spaces in which to tackle this
problem are symmetric spaces. This is due to two reasons: on the one hand, symmetric
spaces have large isometry groups with a well understood structure; on the other hand, a
section of a polar action is a totally geodesic submanifold, and those can be characterized
algebraically in symmetric spaces by means of so-called Lie triple systems.

The first systematic classification of polar actions was carried out by Dadok [15], who
showed that every polar representation is orbit equivalent to the isotropy representation
of a symmetric space. This result also yields the classification of polar actions on round
spheres. Later, Wu [36] derived the classification of polar actions on real hyperbolic
spaces.

There have been significant advances in the classification of polar actions on (irre-
ducible) symmetric spaces of compact type. Indeed, Podesta and Thorbergsson [32]
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described all polar actions on symmetric spaces of compact type and rank one (that is,
spheres and projective spaces over the normed real division algebras). From Dadok’s
result, one can relate these actions to Cartan’s classification of symmetric spaces. This
work was later revised by Gorodski and Kollross [21], who found a missing example in
the case of the Cayley projective plane. Moreover, Biliotti [9] conjectured that if M is
an irreducible symmetric space of compact type and rank greater than one, then every
polar action on M is hyperpolar. This conjecture was shown to be true by Kollross
and Lytchak [29]. Additionally, Kollross proved that every hyperpolar action on M is
either of cohomogeneity one or orbit equivalent to a Hermann action. The proof of this
fact, as well as the classification of both families of actions, can be found in [26].

In contrast with the compact case, results concerning polar actions on symmetric
spaces of noncompact type are quite scarce. The only such spaces in which polar
actions have been completely determined are the real hyperbolic space (as mentioned
above) and the complex hyperbolic space [16]. The special case of cohomogeneity one
actions has enjoyed the most attention. Their classification is the result of a collective
effort that started in [2] and finally ended in [33].

We say that an isometric action induces a homogeneous foliation if all of its orbits have
the same type (that is, if all its isotropy subgroups are conjugate). Berndt and Tamaru
classified all codimension one homogeneous foliations on irreducible symmetric spaces
of noncompact type—see [7] and the subsequent generalization [34] to the reducible
case. Moreover, Berndt, Tamaru and the first author developed in [5] a method to
construct all hyperpolar homogeneous foliations on irreducible symmetric spaces of
noncompact type. More recently, we have obtained the classification of codimension
two polar homogeneous foliations on irreducible symmetric spaces of noncompact type,
see [18]. These foliations turn out to be lower dimensional analogues of the codimension
one examples constructed by Berndt and Tamaru. The main difficulty in dealing with
polar homogeneous foliations of larger codimension is that their sections are not known
to satisfy any restriction apart from being totally geodesic. In fact, one can see that if M
is an irreducible symmetric space of noncompact type, then every boundary component
of M is the section of a polar homogeneous foliation on M [5]. However, using the theory
of maximal solvable subalgebras of real semismple Lie algebras, one can immediately
give constraints on the subgroups of the isometry group of M that act polarly inducing
a foliation [18, Proposition 4.2].

The purpose of this article is to classify all polar homogeneous foliations on sym-
metric spaces of noncompact type and rank one. As we mentioned earlier, the only
symmetric spaces of noncompact type on which polar actions have been completely
classified are the real and complex hyperbolic spaces. We also refer the reader to [4]
for a direct proof of the classification of polar homogeneous foliations on complex hy-
perbolic spaces. Because of this, the ambient spaces under our consideration are the
quaternionic hyperbolic spaces HH" (where n > 2) and the Cayley hyperbolic plane
OH2. In these spaces, the works of Kollross [27, 28] provide partial classifications of
polar actions that preserve a proper totally geodesic submanifold, and it turns out that
all of the actions found in his results possess singular orbits. In addition, Berndt and
Tamaru [6] derived the classification of cohomogeneity one actions on the Cayley hyper-
bolic plane. In the same paper, the authors reduce the classification of cohomogeneity
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one actions on quaternionic hyperbolic spaces to that of the so-called protohomoge-
neous vector subspaces of quaternionic Euclidean vector spaces. The latter problem
was solved by the first author, Dominguez-Vazquez and Rodriguez-Vazquez in [17]. At
any rate, there are no results concerning polar actions (of cohomogeneity greater than
one) without singular orbits on HH" or OH? (or more generally, actions that do not
preserve a proper totally geodesic submanifold).

We now state the main theorems that will be proved in this article. Let M denote a
rank one Riemannian symmetric space of noncompact type that can be represented by a
symmetric pair (G, K). More explicitly, M = FH" is a hyperbolic space over one of the
real normed division algebras F € {R, C,H, O}, with n = 2 if F = @. Throughout this
paper, we work with the symmetric metric on FH” that pinches its sectional curvature
between —1 and —1/4. Let g = € & a & n be an Iwasawa decomposition of the Lie
algebra of G. We can write n = g, @ g, as a direct sum of vector spaces, where ga, is
the center of n and g, = F" ! as an F-module. Given a subspace b C a and an abelian
subspace v C g,, we construct the subalgebra s, = (a©b) @ (nSv). We will show that
the connected subgroup Sy, of G whose Lie algebra is s, acts polarly on FH" inducing
a foliation. Moreover, any section of the action of Sy, is a real hyperbolic space whose
curvature is equal to the maximum sectional curvature attained by a 2-plane in FH".
We will also show that the actions of Sg, ,, and Sg, ,, on FH™ are orbit equivalent if and
only if dim b; = dim by and dim v, = dim v,. Thus, it makes sense to define S, = Sg v,
where a = dimb € {0,1} and b = dimv € {0,...,n — 1}. This definition is correct up
to isometric congruence. The main result of this paper is:

Theorem A. Every nontrivial polar homogeneous foliation on a rank one symmetric
space of noncompact type is isometrically congruent to the orbit foliation induced by a
group S, with a € {0,1} and b € {0,...,n — 1}.

Note that if @ = 0 and b = 0, then Sy acts transitively on FH". If a+b = 1 then the
action of S, is of cohomogeneity one [7]. If a =1 and b = 0, then S;; is nilpotent and
its action induces the horosphere foliation. If @ = 0 and b = 1, then S¢; is solvable and
its action induces the so-called solvable foliation. If a =1 we get b =a and 51, =nowv
above; in this case all the orbits of the action of Sy, are congruent and are contained
in horospheres of FH™.

Taking into account that the trivial action is also polar we obtain

Theorem B. There are exactly 2n + 1 congruency classes of homogeneous polar folia-
tions on FH™ up to isometric congruence.

Remarkably, the number of congruency classes of homogeneous foliations on hyper-
bolic spaces does not depend on base field F, but only on dimp M. In particular, in the
Cayley hyperbolic plane OH? we obtain two homogeneous polar foliations of codimen-
sion one, one of codimension two, the transitive action, and the trivial action, up to
isometric congruence.

In this paper we tackle quaternionic hyperbolic spaces and the Cayley hyperbolic
plane. Parts of the proof are common to both cases, but some arguments are specific
of the normed division algebra under consideration.

Theorem A follows directly from the more precise statement given below, which is
already known to be true for real and complex hyperbolic spaces:
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Theorem C. Let FH" = G/K, n > 2, be a rank one symmetric space of noncompact
type. Then the following assertions are true:

(1) Given a vector subspace b C a and an abelian subspace v C g,, the subgroup
Sk € G acts polarly on FH" inducing a foliation.

(2) Any nontrivial polar homogeneous foliation on FH™ is isometrically congruent to
the orbit foliation of a subgroup Sy, as in item (1).

(3) Given subspaces by, by C a and abelian subspaces vy, v C g,, the actions of Sy, ,,
and Sy, ,, are orbit equivalent if and only if dim b; = dim by and dim v; = dim v,.

A consequence of Theorem C is that every nontrivial polar homogeneous foliation
on a hyperbolic space has a section of constant curvature. This will be shown in
Proposition 3.1. Combining this with Lemma 2.1, one can show that every nontrivial
polar action on a hyperbolic space has a section of constant curvature. This result is
also known to be true if the ambient space is an irreducible symmetric space of compact
type, see [32, Proposition 1B.1] for the rank one case and [29, Theorem 1.1] for the case
of higher rank. By contrast, in [5, Proposition 4.2] the authors give examples of polar
actions on irreducible symmetric spaces of noncompact type that possess sections of
nonconstant curvature. These observations lead us to the following characterization of
irreducible symmetric spaces of noncompact type and higher rank:

Corollary D. Let M be an irreducible symmetric space. Then the following conditions
are equivalent:

(i) M is a symmetric space of noncompact type and rank r > 2.
(ii) M admits a polar action whose sections have nonconstant curvature.

We now describe the structure of this paper. In Section 2 we present the basic facts
and notation that will be needed in the rest of the paper. In particular, we introduce
generalized Heisenberg algebras in §2.1. These are used in Subsection 2.2 to deduce
some formulae that are essential in our calculations. We also recall the classification of
totally geodesic submanifolds of rank one symmetric spaces (§2.3) and the basic facts
about polar actions in Subsection 2.4. The proofs of items (1) and (3) of Theorem C
are tackled in Section 3. In Section 4, we provide some general results concerning polar
homogeneous foliations on symmetric spaces of noncompact type and rank one. Finally,
the proof of Theorem C (2) is carried out in Section 5 for quaternionic hyperbolic spaces
and in Section 6 for the Cayley hyperbolic plane.

2. PRELIMINARIES

The purpose of this section is to introduce the general notions and results concerning
symmetric spaces of noncompact type and rank one, as well as polar actions. The
solvable model M = AN allows us to view a rank one symmetric space of noncompact
type as an extension of a one-dimensional Lie group by a two-step nilpotent (or abelian)
Lie group. The subgroup N is an example of a generalized Heisenberg group, while M
belongs to the class of Damek-Ricci spaces. By exploiting the algebraic structure of
the Lie algebra n as a generalized Heisenberg algebra, we are able to perform general
calculations with relative ease.
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2.1. Generalized Heisenberg algebras.

A detailed account of the classification and geometry of both generalized Heisenberg
groups and Damek—Ricci spaces can be found in [8]. We also refer the reader to [13]
for a treatment focused on rank one symmetric spaces.

Let v and 3 be real vector spaces and 3: A?v — 3 a skew-symmetric bilinear map,
We construct the vector space n = v @ 3 and endow it with an inner product (-, -), such
that v and 3 are orthogonal, and a Lie bracket given by [n, 3] = 0 and [U, V] = S(UAV)
forall U, V € v.

Each vector Z € 3 gives rise to a skew-symmetric endomorphism J; € so(b) by letting
(JzU V) = (U, V], Z), for each U, V € 3. We say that n is a generalized Heisenberg
algebra if J2 = —|Z|2id, for every Z € v. In other words, we require J: 3 — End(v) to
extend to an algebra homomorphism .J: Cl(3) — End(v) defined on the Clifford algebra
of 3 (with the aforementioned inner product). In particular, generalized Heisenberg
algebras are closely related to Clifford modules. The classification of Clifford modules
implies the classification of generalized Heisenberg algebras [8, Section 3.1.2].

A consequence of this definition is that the maps J; with |Z], = 1 become complex
structures on the real vector space v. Because a complex structure is also a linear
isomorphism, the Lie algebra n is two-step nilpotent (except in the case 3 = 0, where n
is abelian) and its center is 3. A subspace o C v is said to be totally real if it is totally
real with respect to all J;, where Z € 3 and |Z], = 1. Equivalently, w is totally real if
and only if it is an abelian subspace of v.

We will use the following formulae involving U, V € v and X, Y € 3:

IxJy + JyJx = — 2(X,Y),id,, (IxU, Jx Ve = | X|*(U, V)a,
(JxU, Jy Uy = [U2(X, Y ), [V, JxV] = |V]2X.

Let V' € v be a nonzero vector and define JV = {JzV: Z € 3}. It is clear from the
skew-symmetry of the operators J; that RV and JV are orthogonal subspaces of v.
Furthermore, it is easy to check that an element W € v belongs to v & (RV & JV) if
and only if (V. W), =0 and [V, W] = 0.

In this article, we make use of the following fact: Suppose (V, (-,-)) is a Euclidean
vector space. Then the exterior square A?>V becomes a Euclidean vector space with
the inner product that is characterized by (u Av,wAx) = (u, w) (v, x) — (u, x){v,w) for
all u, v, w, x € V.

2.2. Noncompact rank one symmetric spaces.

Here we gather some general facts on symmetric spaces of noncompact type, focusing
mainly on those of rank one. See [24] for a thorough treatment of symmetric spaces.
We also refer to [19] for more information on symmetric spaces of noncompact type, as
well as to [25, Chapter 6] for the structure theory of real semisimple Lie groups and
algebras.

Let M be an n-dimensional symmetric space of noncompact type. For the purposes of
this article, we assume that M is connected and irreducible as a Riemannian manifold.
We can present M as a Riemannian homogeneous space G/K, where G is the identity
component (M) of the full isometry group I(M) and K = G, is the isotropy subgroup
corresponding to a basepoint o € M. The Lie group G is simple and noncompact,
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whereas K is a maximal compact subgroup of G. Moreover, the sectional curvature of
M is nonpositive and the Riemannian exponential map exp,: T,M — M is a global
diffeomorphism.

Let us consider the isometry algebra g, which is simple. The Killing form of g is
denoted by B. One can show that there exists an involutive automorphism 6 € Aut(g)
with the property that the symmetric bilinear form By(X,Y) = —B(X, 8Y) is positive
definite. We say in this case that 6 is the Cartan involution of g, and it is unique up
to inner automorphisms. The eigenspace decomposition g = € @ p associated with
(where £ = ker(1 — @) and p = ker(1 4 #)) is known as the Cartan decomposition of g.
Because ¢ coincides with the isotropy algebra at o, we may identify p with the tangent
space T, M. The restriction of By to p is an Ad(K)-invariant inner product on p = T, M,
so that it may be extended to a G-invariant metric on M. Since M is irreducible, this
G-invariant metric is homothetic to the original metric on M. It should be noted that
if a Lie group action on M is polar, then it is also polar with respect to any multiple
of the metric on M, so it will be convenient for us to work with an adequate rescaling
of said metric. We also remark that if X € g is any vector, then the adjoint of ad(X)
is ad(X)* = —ad(6X).

We now choose a maximal abelian subspace a of p. Any two choices of a are conjugate
by K, so the dimension of a is a well-defined invariant of M, known as the rank of M.
Let a* denote the dual vector space of a, which inherits an inner product from the one
on a. Then, any linear form A € a* determines a vector subspace

on={X€g: [H X]=\H)X forall H € a}.

Note that, since the family ad(a) consists of derivations, one sees that [gx, 9,] € gatu
whenever 1 € a*. If both A and g, are nonzero, we say that A is a (restricted) root of
g and g, is its corresponding root space. The set of roots is denoted by . Because
the family ad(a) C gl(g) is a commuting family of symmetric endomorphisms with
respect to By, it follows that g can be decomposed as the orthogonal direct sum g =
g0PEP oy, 9. This vector space decomposition is known as the root space decomposition
of g. Moreover, the set ¥ C a* is a (perhaps nonreduced) abstract root system in the
sense of [25, Section 2.5]. We also set €, = (1+0)g, and p) = (1 —6)g, for each A € a*.
It is readily shown that gy = &, @ a. In particular, the adjoint action of £, normalizes
every root space. The connected subgroup of G with Lie algebra €, is denoted by Ky,
and it is a compact subgroup of K.

Now, we fix a notion of positivity on X. We let X% be the corresponding set of
positive roots and A C X* be the subset of simple roots. One sees that A is a basis of
a*, and thus its cardinality is equal to the rank of M. Furthermore, the vector subspace
n = @,c5+ 92 is a nilpotent subalgebra of g. The Iwasawa decomposition theorem
asserts that g = € © a @ n (vector space direct sum). In addition, by taking A, N
and AN to be the connected subgroups of G whose Lie algebras are a, n and a ® n
respectively, one sees that the multiplication maps K Xx Ax N — G and A x N — AN
are diffeomorphisms. In particular, the evaluation map ¢ € AN — g-0 € M is also a
diffeomorphism, and by pulling back the Riemannian metric on M to AN we conclude
that M is isometric to a solvable Lie group endowed with a left-invariant Riemannian
metric.
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From now on, we suppose that M is of rank one, so that M = FH" is a hyperbolic
space over a finite-dimensional real division algebra F € {R,C,H,Q}. We may choose
G and K as in Table 1, so that G is (up to a finite cover) the identity component of
the isometry group of M and K = G, is the isotropy subgroup at a point o € M.
Because M is a symmetric space of rank one, any maximal abelian subspace a C p is
one-dimensional.

TABLE 1. Data associated with each hyperbolic space.

M G K Ko Ja 92a
RH" SO%1,n) SO(n) SO(n —1) R*1 0
CH™ SU(1,n) S(U(1) x U(n)) S(U(1)xUn—1)) C' R
HH" Sp(1,n) Sp(1) xSp(n) Sp(1) x Sp(n—1) H*! R3
OH? F;%° Spin(9) Spin(7) o) R

The set of (restricted) roots is of the form ¥ = {+a, +2a} for some a € a* (except
if F =R, when ¥ = {£a}), and thus the root space decomposition of g is

0=020DPg-aDPgoD ga D 92a-

The connected subgroup K, of G whose Lie algebra is &, is also presented in Table 1.
We choose a notion of positivity by defining « to be positive (in fact, simple), and the
corresponding Iwasawa decomposition becomes g = €& a ® n with n = g, P gon.
We consider on g the inner product (-,-) given by
2

(n+3)dimF — 4
This inner product is taken so that the vector H, € a, characterized by the equation
a(H) = (H,, H), has norm |H,| = |a] = 1/2. We normalize the metric on M so that
its restriction to T, M = p is precisely (-,-). We also define

B=2H,,

(X,Y) = By(X,Y), X,Y €g.

which is a unit vector in a.

We use the following two facts throughout this paper. Let A € ¥ and X, Y € g,.
Then,

[0X,Y] € ¥ if (X,Y) =0, and [#X, X] = | X|*H,.

Recall that the solvable group AN acts simply transitively on M = FH". In partic-
ular, T,FH" is isomorphic to a @& n. We denote by (-, ) ax the pull-back metric induced
on AN from the diffeomorphism M = AN. Its restriction to a @ n is determined by
the conditions

1
(Hy,Hy)an = (H1,Hs), Hi,Hy €a, (U V)an = §<U, V), UV en.

Now, consider the nilpotent algebra n = g, @ go, endowed with the inner product
(-,)an = 3(-,-). For each Z € gy, define J; € End(g,) as in Subsection 2.1. It is not
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hard to check that
Jz = (ad(Z) 0 0)],, and  Jp=—|Zyid,,,

so n becomes a generalized Heisenberg algebra. Moreover, n satisfies the so-called
J? condition: given an element V € g, and orthogonal vectors X, Y € gy, there
exists a Z € go, (depending on X, Y and V) satisfying JxJyV = J;V. By [14,
Theorem 1.1], any generalized Heisenberg algebra that satisfies the J? condition is
isometrically isomorphic to the nilpotent part of the Iwasawa decomposition associated
with a rank one symmetric space.

Taking into account the difference between the inner product of a @ n and the inner
product of g, it is convenient to restate some formulae from Subsection 2.1:

(U, V], X) = (JxU, V), (U, JxU] = %{U, U)X,
uﬂm&w—%wwwm% Uﬂhkm—%WWXY%

where U, V € g, X, Y € goa-

Using the fact that the projection map (1 —6)/2: go — P is a vector space isomor-
phism, we can also define a map Jx € End(p,) for each X € g, by imposing that
Jx(1—0)U = (1 —0)JxU for each U € g,.

If V' is a vector in either g, or p,, we define the subspaces JV = {JzV : Z € gan}
and FV =RV @ JV. Observe that if V' # 0 then dimFV = dim F.

Because the cohomogeneity of the isotropy representation K ~ p is one, we deduce
that K acts transitively on each sphere of p centered at the origin. In particular, two
vectors U, V' € p are conjugate under K if and only if |U| = |V, and in that case their
corresponding Jacobi operators are conjugate under Ad(K) C O(p). This means that
the Jacobi operators Ry, Ry associated with two nonzero vectors U, V' € p have the
same eigenvalues (counting multiplicities) up to some positive scalar dependent on the
lengths of U and V.

Let R denote the (1,3) curvature tensor of FH". Recall that the Jacobi operator for
U € p is defined to be the linear map Ry: p — p, V — Ry(V) = R(V,U)U. Since
FH™ is a symmetric space, the curvature tensor R at T,FH™ = p satisfies R(X,Y) =
—ad([X,Y]) for all X, Y € p, which in turn gives Ry = — ad(U)?.

We will particularly make use of the Jacobi operators coming from vectors of a and
po. These can be calculated easily from the formulae above, but we include them here
for further reference. We consider R and Ry for U € p, with |U| = 1. Then,

0, Vea, 0, V e RU,
(1) RV ={-1, Vep, R/V={-1V, Vead (p.oFU) p,
-V, V€ paa, ~V, VeIU

It is clear from the above equations that a rank one symmetric space M # RH" has
negative curvature —1 < sec < —1/4 and is quarter pinched. In addition, if F = R we
deduce that the sectional curvature of RH" is constant and equal to —1/4.

If F = H we also need a more complete view of a & n as a Clifford module of
goo = ImH. Let X € go, be arbitrary. Taking into account that a & n is isomorphic
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to T,HH" and a & ga, is isomorphic to H, we can extend the map Jx € End(g,) to an
endomorphism Jy € End(a @ n). This map satisfies

JxB =X, JxX = —|X|3n B,

We also wish to determine JxY and JxJy for X, Y € go,. This is done by consider-
ing a positively oriented orthonormal basis of go, and identifying it with the basis of
imaginary units of H. Let (Xj, X3, X3) be a positively oriented orthonormal basis of
goo = Im H; then,

Ix, Xit1 = —Xiyo, Ix,JIx

where the indices are taken modulo 3.

In a similar manner, T,FH" is also isomorphic to p, so all of these considerations can
be carried out to p as well. The inner product on p is simply the restriction of the inner
product of g to p. Using the fact that (1 — 0)/2: a @ n — p is an isometry, we can
decompose p = a @ p, D Paa, where py = (1 — 0)gx, A € {a,2a}.

For each X € gy, we can define operators Jy: p — p. Using the linear isometry
(1—-0)/2: a®n — p again, we obtain for all V' € a @ n that

Jx(1—0)V = (1—0)JxV.

In particular, JxB = %(1 — 0)X when we regard Jx as an operator on p.

With these definitions, a subspace v of p = H" is totally complez if and only if there
exists X € go, such that Jx(v) = v and Jy (v) is orthogonal to v whenever Y € ga, is
orthogonal to X.

i+l JXi+2 )

2.3. Totally geodesic submanifolds of symmetric spaces of rank one.

In this subsection we recall the classification of complete totally geodesic submani-
folds (of dimension greater than one) of the hyperbolic spaces FH™ under investigation.
Wolf [35] classified totally geodesic submanifolds of the compact rank one symmetric
spaces, and we may apply the duality of symmetric spaces to derive our classification
in hyperbolic spaces. See also [28, Section 5] for a detailed treatment of the totally geo-
desic submanifolds of QH2. From this point on, we denote by RH¥(c) the real hyperbolic
space of constant curvature —c~2. In particular, we have RH*(2) = RHF.

Before going through the classification, we recall that every (complete) totally ge-
odesic submanifold ¥ of a symmetric space of noncompact type M is closed and em-
bedded. In addition, ¥ is determined by its tangent space at any point p € ¥ because
¥ = exp,(T,X). Furthermore, a subspace v C p = T, M is the tangent space of a totally
geodesic submanifold 3 of M containing o = eK if and only if [[v,0],0] C v. The
subspaces of p that satisfy the latter condition are known as Lie triple systems.

The case of M = RH" is by far the simplest. For each 2 < k£ < n there exists a
unique complete k-dimensional totally geodesic submanifold of M, and it is congruent
to RH*. This submanifold can be obtained as the orbit through o = eK of the subgroup
SO°(1,k) € SO°(1,n) embedded in the standard manner.

Let us consider the complex case. For each 2 < k£ < n, the orbits through the origin
of the standard subgroups SO°(1, k) and SU(1, k) are totally geodesic RH*(2) and CHF,
respectively. One sees that RH¥(2) is a totally real submanifold of CH", whereas CH*
is a complex submanifold. We also have a totally geodesic CH! = RH?*(1) appearing
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as an orbit of SU(1,1). Unlike the submanifolds RH*(2), this RH?(1) is a complex
submanifold of CH". These examples give all totally geodesic submanifolds of CH™ up
to congruence.

Now we list all totally geodesic submanifolds of HH™ up to congruence. On the
one hand, the orbits through o0 = eK of the subgroups SO°(1, k), SU(1, k), and Sp(1, k)
(2 < k < n), all embedded in the standard manner, give rise to totally geodesic RH*(2),
CHF*, and HHF, respectively. In particular, the submanifold RH*(2) is totally real, CH*
is totally complex, and HH” is quaternionic. On the other hand, the orbit Sp(1,1) -0 is
a totally geodesic HH! = RH*(1) of constant curvature equal to —1. Because RH?*(1)
has constant curvature, any k-dimensional real subspace of T,RH*(1) exponentiates to
a totally geodesic RH*(1) inside RH*(1).

Finally, we comment on the Cayley case. The submanifolds RH?*(2) C CH?* C HH?
appear as the orbits of the subgroups SO°(1,2) C SU(1,2) C Sp(1,2) at 0. The Lie
algebra embedding sp(1,2) < ;% is given explicitly in [28, Proposition 5.3]. In ad-
dition, we have a totally geodesic OH! = RH?®(1) arising as the orbit of the action of
an S0°(1,8) C F;?. Similarly to the quaternionic case, the fact that OH! has con-
stant curvature means that every subspace of T,QH! exponentiates to a totally geodesic
submanifold isometric to RH*. Altogether these examples yield all totally geodesic sub-
manifolds of QH? up to congruence.

2.4. Polar actions.

We now recall the basic notions concerning polar actions on Riemannian manifolds.
Suppose M is a complete Riemannian manifold and H is a Lie group acting isometrically
on M. For the purposes of this article, we may assume that H acts effectively on M,
which means that the only element of H that acts trivially on M is the identity element.
Hence, we can view H as a subgroup of the isometry group (M), and if H is connected,
then it corresponds to a subgroup of the identity component I°(M).

The action of H C I(M) on M is called proper if the shear map H x M — M x M
defined by (h,p) — (h-p,p) is a proper map. This condition is equivalent to H being a
closed subgroup of I(M). If the action of H is proper, then one sees that the isotropy
subgroups of the action are compact, the H-orbits are closed and embedded in M, and
the orbit space M/H is Hausdorff when endowed with the quotient topology.

The orbits of a proper isometric action can be classified according to their type. We
say that two orbits H - p and H - ¢ have the same type if the isotropy subgroups H, and
H, are conjugate. The orbit type of the orbit H - p is denoted by [H - p]. In addition,
given two orbits H -z, H -y, we write [H - z] < [H - y| if H, is conjugate to a subgroup
of H,. The relation < on the set of orbit types of the H-action can be shown to be a
partial ordering and it possesses a maximum element. The H-orbits whose orbit type
is maximum with respect to < are called principal orbits, and their union constitutes
a dense open subset of M. A nonprincipal orbit H - p is called singular if its dimension
is strictly smaller than that of the principal orbits, and exceptional if it has the same
dimension as the principal orbits.

In this work, we are interested in distinguishing isometric actions in terms of their
orbits. To this effect, we say that two isometric actions H; ~ M and Hy ~ M are
orbit equivalent if there exists an isometry of M that carries the orbits of the Hi-action
to the orbits of the Hy-action.
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Given a proper isometric action of H C I(M) on M, a complete and injectively
immersed submanifold > C M is called a section of the action if

(i) X meets all orbits of H, and
(ii) For every point p € ¥, the tangent spaces T,(H - p) and T, are orthogonal.

The action of H is called polar if it admits a section. It can be shown that if X is a
section of the H-action, then X is totally geodesic in M and any other section of the
action is congruent to 3 under an element of H. If one (and thus every) section is flat
with the induced metric, then we say that the action of H is hyperpolar.

Podesta and Thorbergsson observed in [32, Lemma 1A.4] that if H is a compact Lie
group acting polarly on a simply connected symmetric space M with singular orbits,
then any section of the action H ~ M contains a totally geodesic hypersurface. In
particular, if M is a symmetric space of compact type and rank one, then it is shown
from this and the fact that any polar action on M has at least one singular orbit [32,
Lemma 1A.2] that any section of the action H ~ M has constant sectional curvature.
The argument by Podesta and Thorbergsson also applies in the noncompact case. This
was noted by Kollross when M is the Cayley hyperbolic plane [28, Lemma 6.1], but the
proof carries over to the general case.

Lemma 2.1. Let M be a Riemannian manifold and H a Lie group acting nontrivially
and polarly on M with section Y. If the action of H has a singular orbit, then X
contains a totally geodesic hypersurface. In particular, if M is a symmetric space of
noncompact type and rank one, then Y is isometric to RH*(c), where ¢ € {1,2}.

Proof. Let p € ¥ be a point such that H - p is singular. Such a point exists because
¥ meets all orbits. The slice representation H, ~ v,(H - p) defined by the equation
h - & = h,¢ is a nontrivial polar representation with section T,%, see [3].

We consider the normalizer and centralizer of T,% in H,,, which are defined respec-
tively as follows:

Ny (T,X) = {g € Hy: g(T,X) = T,3}, Zu (T,%) = {g € Hy: glr,x = idg,s}.

Then, Ny, (T,X) is a closed subgroup of Hy,, Zy,(T,¥) is an open normal subgroup of
Ny, (T,X), and the quotient II(T,%) = Ny (1,%)/Zy,(1T,%) is a finite group, known
as the polar group of the slice representation H, ~ v,(H - p) (see for instance [23]).
Because the orbit H - p is singular, the polar group II(7},X) is nontrivial and generated
by reflections along hyperplanes of T,,%.

Let g € Ng,(T,X) be an element such that g,, € O(7,X) is the reflection along a
hyperplane V' C T,3. Then g - = ¥ and the restriction g: ¥ — ¥ is an involutive
isometry. Denote by H C ¥ the connected component of Fix(g) containing p. We have
that H is a totally geodesic hypersurface of ¥ whose tangent space at p is V.

Now, suppose that M is a symmetric space of noncompact type and rank one. From
the classification of totally geodesic submanifolds of hyperbolic spaces (see Section 2.3),
we see that the only totally geodesic submanifolds of M admitting a totally geodesic
hypersurfaces are those of constant curvature, so the second claim follows. O

It is worth mentioning that if H is a Lie group acting nontrivially, nontransitively
and polarly on CH", then the section of the H-action is totally real and isometric to
RH*(2), see [16, Proposition 2.4]. As far as we are aware, in all known examples of



12 J. C. DIAZ-RAMOS AND J. M. LORENZO-NAVEIRO

polar actions with singular orbits on HH" and QH? the section is a totally geodesic
RH*(2) [27, 28]. Therefore, it is natural to conjecture whether the value ¢ = 1 can be
omitted from the statement of Lemma 2.1. Moreover, a consequence of Theorem C is
that every polar action without singular orbits on a hyperbolic space M # RH" has a
section isometric to RH*(2). This will be proved in Proposition 3.1.

We say that the action of H on M induces a foliation if it has no singular orbits.
In the case that M is a symmetric space of noncompact type (or more generally a
Hadamard manifold) it follows from [5, Proposition 2.1] that all the orbits of H are
principal, so all isotropy subgroups are conjugate in H.

From [5, Theorem 4.1] we have the following criterion of polarity (see also [20] for
the first criterion of polarity):

Proposition 2.2. Let M = G/K be a Riemannian symmetric space of noncompact
type with Cartan decomposition g = €@ p. Let H C G be a closed subgroup acting on
M in such a way that its orbits form a foliation on M. We define

bpl - {ﬁ ep:(§,X)=0, foradl X € h},
Then:
(i) The group H acts polarly on M if and only if f)pl is a Lie triple system in p and
[0y, by ] is orthogonal to b.
(ii) The group H acts hyperpolarly on M if and only if f)pl is an abelian subspace of p.

Moreover, if H'pL denotes the subgroup of G whose Lie algebra is [f)pL,hpL] &5, IJPL, then
HpL -0 s a section of the action of H on M.

3. THE EXAMPLES

In this section we study the geometry of the orbits of the subgroups S, appearing
in Theorem C. In particular, we prove Theorem C (3).

Let M = FH" = G/K be a symmetric space of rank one and noncompact type, where
G and K are chosen according to Table 1. We choose a Cartan decomposition g = £®p of
g, the Lie algebra of G, a 1-dimensional subspace a C p, and g = g_2,P9_ o PGP FaPgoa
the restricted root space decomposition with respect to a. We write gg = £y @®a as usual.
We have a unique simple root o and the positive roots are «, 2« (except then F = R,
where 2« is not a root).

Let b a subspace of a, and v a totally real subspace of g,. We define the vector
subspace 5p, = (A S b) & (g, © V) & g2o C a & n, which is a Lie subalgebra of a & n,
and we let Sy, the connected subgroup of G whose Lie algebra is s;,. Because the Lie
exponential map Exp: a @ n — AN is a diffeomorphism, we have that Sy, = Exp(sp,)
is a closed subgroup of AN (and thus of G).

Our first task is to prove Theorem C (1).

Proposition 3.1. The group Sg, acts polarly on M inducing a foliation. In addition,
if and k = dimb 4 dimv > 2, then every section of the action of Sy, is isometric to
RH*(2).

Proof. Since Sg,, is a subgroup of AN, and the action of AN on M is simply transitive,
it is clear that Sy, induces a foliation on M. We just have to use the criterion of polarity
given in Proposition 2.2 to check that Sy, acts polarly on M.



POLAR HOMOGENEOUS FOLIATIONS ON SYMMETRIC SPACES OF RANK ONE 13
We have (8p,), = b @ (1 —#)v. The fact that v is totally real in g, implies that
(Sev)y is a Lie triple system in p and [v,0] = 0. This leads to [(Se,)y (S6.);] S
(14 0)(0o @ [fv,0]) C (1+60)v D &, which is orthogonal to sp,, as we wanted to check.
We now prove the second assertion. In fact, because (1—6)v is contained in a®(1—6)v,
it suffices to show that a @ (1 — @)v is the Lie triple system corresponding to a real
hyperbolic space RH"(2), where m = 14+dim v > 2. Let X be the unique totally geodesic
submanifold of M with o € ¥ and T, = a® (1 —60)v. Then X is automatically a simply
connected symmetric space of rank one, so we can determine it by choosing any unit
vector in 1% and computing its Jacobi operator. For instance, if we take B € T,Y it is
straightforward to check that

. 2. )0, £ €a,
RBS_ ad(B)f_{_i, 56(1—9)0.

By looking at (1), it is clear that Rp is the Jacobi operator of a real hyperbolic space
whose curvature is equal to —}l, so necessarily ¥ = RH™(2), as desired. i

Next we deal with the congruence problem of the actions under investigation. We
first need

Lemma 3.2. Let v be an abelian subspace of g, and & € v. Then, there exists k € Ky
such that Ad(k)o = v and Ad(k)(§) = —¢€.

Proof. Recall that g, = F*! as an F-module, and that K, acts on g, as its standard
representation if F € {R, C,H}, or as the unique spin representation Spin(7) — SO(8)
if F = O (see Table 1).

If F = O, then v is 1-dimensional and Spin(7) acts transitively on the unit sphere of
ga [11], so we may assume F € {R, C,H}. By linearity we may also suppose that |£| = 1.
Let {, es, ..., e} be an orthonormal basis of v. Since v is abelian, it is also totally real
in g,. Thus, the elements of this basis are not only orthonormal, but F-orthonormal.
We complete this basis to an F-orthonormal basis {, es, ..., €k, €xi1,---,€n_1} Of ga.
In particular, {—¢, es,..., e, 1} is another F-orthonormal basis of g,. Since K acts
transitively on the set of all ordered F-orthonormal bases of g,, we deduce that there
exists k € Ky such that Ad(k)§ = —¢& and Ad(k)e; = ¢; for all i. Because of this,
Ad(k)v = v as well, so the result is proved. O

The proof of Theorem C (3) follows readily from the next result.

Proposition 3.3. Let by and by be subspaces of a, and v, and vy totally real subspaces
of ga. Then, the actions of Sy, v, and Sp,, on FH™ are orbit equivalent if and only if
dim b; = dim by and dim v, = dim v,.

Proof. Since the group K acts transitively on abelian subspaces of the same dimension
of go (see for example [18, Lemma 3.2]), Sy, v, and Sg, », are conjugate by an element
of Ky if dimb; = dim by and dimv; = dimv,. In particular, their actions are orbit
equivalent.

For the converse, let S¢ denote the shape operator of a subgroup S of AN with respect
to a normal vector . Using the Koszul formula for left-invariant vectors of AN, it is
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easy to see that the shape operator satisfies
1 1
<S§X’X>AN = _<X’ [X’ §]>AN = _§<X> [X7 €]> = §<[9X7 X]>€>

forall X € sand { € (a@n) Os.

If b; = 0 we consider the orbit through the origin Sg,, - 0. As a submanifold of AN,
its normal space at o can be identified with v;. Let ¢ € v;. By Lemma 3.2 there exists
k € Ky such that Ad(k) leaves v; invariant and maps £ to —¢&. In particular, Ad(k)
leaves s ,, invariant, so k maps Sg,, - 0 to itself sending £ to —¢. Since £ is an extrinsic
isometry, —S¢ = Sk, = k.Se¢k; !, which implies trS; = 0. As £ € v; is arbitrary, we
conclude that Sg,, - 0 is minimal.

If b; = a then s,,, C nis a nilpotent ideal of a @ n. Thus, S,,, is a nilpotent normal
subgroup of AN. This implies that for each ¢ € AN, Sqp, - 9(0) = g9 'Sap,9 - 0 =
9(Sap, - 0), so any two orbits of S,,, are isometrically congruent to each other. Hence,
one orbit is minimal if and only if all of them are. We calculate the mean curvature
vector of Sqy, - 0 at 0. Note that the normal space of Sq, - 0 at o can be identified with
ad®v;. If £ € v;, the same argument as above implies tr S¢ = 0, so it suffices to calculate
Sp. It U € g, ©v; we get

1 1 1 1
<SBU> U>AN = 5([6[]7 U]aB> = §<’U|2HaaB> = Z‘UF = §|U|?4N

Similarly, (SpX, X)an = |X|4y for X € go,. Altogether this implies that the mean
curvature vector of Sq,, - 0 at o is

1
§(dim 9o — dim v + 2dim go,) B,

which is nonzero.
Therefore, if the actions of Sy, », and S, », are orbit equivalent we must have by = b,.
For dimension reasons we also need dim v; = dim v,, as claimed. ]

4. GENERAL RESULTS

From now on, our aim is to show that any homogeneous polar foliation on a rank
one symmetric space of noncompact type is induced by the action of a group whose
action is orbit equivalent to one of the examples given in Theorem C (1). We follow
the notation from Section 3.

We assume that H is a closed subgroup of G that acts polarly on M inducing a
foliation. The action of H is assumed to be nontrivial and nontransitive.

A Borel subalgebra of a Lie algebra g is a maximal solvable subalgebra of g. Borel
subalgebras of semisimple Lie algebras have been described in [30].

If g is the Lie algebra of a symmetric space of rank one and noncompact type, then
the description of its Borel subalgebras is relatively easy. In this case there exists a
Cartan decomposition g = £ @ p and we have two possibilities: either it is maximally
compact, that is, a maximal abelian subspace of £, or maximally noncompact, that is,
tdadn, where g =€t d adnis an Iwasawa decomposition and t is a maximal abelian
subspace of €, = €N go.

Borel subalgebras are relevant in this context because of the following result [18,
Proposition 4.2]:
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Proposition 4.1. The leaves of a homogeneous polar foliation on a symmetric space
of noncompact type M = G/K coincide, up to isometric congruence, with the orbits
of a connected closed solvable subgroup S of G whose Lie algebra s is contained in a
maximally noncompact Borel subalgebra of the form t & a @ n, where t C &, is abelian.

According to Proposition 4.1 above, we may assume from now on that, up to orbit
equivalence, the Lie algebra h of H is contained in a maximally noncompact subalgebra
of the form t ® a @& n, with t C £, an abelian subspace.

As a matter of notation, if v and tv are vector subspaces of g, by v, we mean the
orthogonal projection of v onto tv.

We recall the result [18, Lemma 4.3], whose short proof we include here for complete-
ness.

Lemma 4.2. Let q be a Lie subalgebra of t & a®n and A € {«,2a}. If a® gr C qagn,
then g C q.

Proof. Recall that qqe, denotes the orthogonal projection of q onto a & n. Take X €
g» € quen- Then there exist vectors S, T € t such that S+ B, T+ X € q. In
particular, ad(S)X + A(B)X = [S + B,T + X] € q. This means that the linear map
ad(S)+A(B)idg, preserves gy and carries gy to q. Since S € ¢, the linear transformation
ad(95) is skew-adjoint, so ad(S) + A(B)id,, is a linear isomorphism and it follows that
gy Cq. O

Following the notation from Proposition 2.2, we let ¥ C M be the section through o
of the action, and let pr be its tangent space at o. Before continuing, we prove a result
that will be used several times.

Lemma 4.3. Consider the following conditions for a subalgebra h Ct@ adn:
(i) There exists & € go such that B+ (1 —6)&, € by
(ii) Fither a C f)pl or P N bpl #0.
If by satisfies (i), then there exists g € N such that Ad(g)h C t ® a @ n satisfies (ii).
Conversely, if b satisfies (ii), then b is conjugate under N to a subalgebra of t®a dn
satisfying (1).
Note that, in particular, conditions (i) and (ii) are equivalent up to orbit equivalence.

Proof. Assume that there exists &, € g, such that B + (1 — 0)&, € f)pl. If £, = 0, this
clearly implies that a C ijL and it suffices to take g to be the identity element. Assume
&, # 0. Then we define g = Exp(—2£,/|€4]?) € N and consider the conjugate subgroup
H = gHg™' C G. The Lie algebra h = Ad(g)bh of H is orthogonal to

Ad(g ™) (B + &) = el (B 1 g,) = e el ) (1 g,

2%l
[€al?
Since On is already orthogonal to Ad(g)h, we obtain that &, is perpendicular to Ad(g)h.
Hence (1 —0)&, € 6# and p, N fA]pL £ 0.

Conversely, if a C f)pL, then B € pr and the result follows trivially. Assume p, N f)pl #+
0. Then, there is a nonzero vector &, € g, such that (1 — 0)¢, € [)pl. We define

=B+&, — H, =&, (mod On).
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g = Exp(2¢,/|¢a]?) € N and consider the conjugate subgroup H=gHg'CG. A
calculation similar to the one above shows that B + (1 — )¢, € hpL and the result
follows. g

Now we show that indeed one of these two equivalent conditions holds. This could
have been obtained as a consequence of [18, Lemma 4.4], but we can simplify the proof
in our case.

Lemma 4.4. The action of H is orbit equivalent to the action of a group H whose Lie
algebra is contained in tH a® n and satisfying the following condition: there is £, € g
such that B+ (1 — 0)&, € by

Proof. We define the vector subspace h = b + gon, which is also a Lie subalgebra of g.

Assume first that Bees = a & n. According to Lemma 4.2, we get n C . We
show that n C h. Let X € goo. We can write X = [U, V], with U, V € g,. Since
n C h =B+ gon, there exist Y, Z € gon such that U+ Y, V + Z € . But then,
X =[UV]=[U+Y,V+Z] € h and it follows that gs, C h. This readily implies
nCh=h+ g2 = b, which yields ijL C a. Since the action of H is not transitive, this
gives a = f)pL and the result follows in this case.

Assume now that Ba@n # a @ n. Thus, there exists a nonzero vector in a @& n that
is orthogonal to both b and go,. We may write this vector as &, + &,, where & € a
and &, € g., and because & + &, and On are both orthogonal to h, we obtain that
& + (1 — ), is orthogonal to h. If & # 0 we are done after normalization. If £ = 0,
we simply apply Lemma 4.3 to finish. O

We end this section by recalling [18, Proposition 4.8] adapted to our particular case:

Proposition 4.5. Let H be a connected closed subgroup of G inducing a homogeneous
polar foliation on a rank one symmetric space of noncompact type M. Assume that its
Lie algebra is contained in a maximally noncompact Borel subalgebra t & a & n, and
Daon =3P (MO V), where v, is an abelian subspace of o, and 3 is a subspace of a. Let
H be the connected Lie subgroup of G whose Lie algebra is h= 3®nov,). Then, H
and H have the same orbits.

Although the results presented in this section are valid for all hyperbolic spaces, in
order to prove Theorem C (2) we will need to consider the cases of HH" and OH?
separately.

5. POLAR FOLIATIONS ON QUATERNIONIC HYPERBOLIC SPACES

Let H be a Lie group acting polarly on HH™ (where n > 2) inducing a foliation.
It follows from Proposition 4.1 that we may assume (up to orbit equivalence) that
H C Sp(1,n) is solvable and its Lie algebra b is contained in a maximally noncompact
subalgebra of the form t ® a @ n, where t C ¢, is abelian.

Proposition 5.1. Suppose H is a closed connected subgroup of Sp(1,n) acting polarly
on M = HH" in such a way that its orbits form a homogeneous foliation. Let 3 be a
section of the action. Then, either X is totally real or the action of H is trivial.
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Proof. First we show that ¥ is a space of constant curvature. From the classification of
totally geodesic submanifolds in HH"™ (see Subsection 2.3), it suffices to show that ¥ is
not isometric to a complex or quaternionic hyperbolic space.

Firstly, let us suppose that ¥ = HH* for some k € {2,...,n}. This means that &
is a quaternionic submanifold of M. In addition, if p € ¥ is any point, the subspace
T,(H -p) = v,X is also quaternionic, so we see that the orbits of the action H ~ M are
quaternionic. Because a quaternionic submanifold of a quaternionic Kahler manifold is
totally geodesic [22, Theorem 5|, we deduce that H - p is a totally geodesic submanifold
of M for all p € M. If the action of H is not transitive, then any two distinct orbits
H -pand H - q are totally geodesic (hence minimal), and [1, Corollary 5.2] guarantees
that both H - p and H - ¢ consist of one point. Since p and ¢ are arbitrary, we conclude
that the action of H is trivial.

Now, assume that ¥ = CH* for some 2 < k < n. Additionally, if the action of H
is not transitive, by lemmas 4.3 and 4.4, we can assume, up to orbit equivalence, that
aghpL orpaﬂhﬁ%o.

Suppose a C pr. Then the restriction of the Jacobi operator Rg to bpl has the same
spectral decomposition as that of the Jacobi operator of a unit vector in TCH*. In
other words, there exists a nonzero vector X € go, and a subspace v C g, such that
by =a®(1-0)v@R(1—0)X. As the action of H is polar, we have for every £ € v that
(1+0)Jx& = —(140)[0¢, X] = [(1—-0)&, (1—0)X] is orthogonal to h. This implies that
v is invariant under Jx, and so is the orthogonal complement g, ©v. As the dimension
of ¥ is at most 2n < dim g,, we have v # g,. Choose a nonzero vector V € g, that is
orthogonal to v. We have V., JxV € hugn, so we may choose elements T', T" € t such
that T+ V, T+ JxV € bh. Then

1
T, JxV]+ [V, T'] + §|V|2X =[T+V, T+ JxV] €.

This readily gives a contradiction with the fact that (1 — )X is orthogonal to b.

Now assume []pL N po # 0. Thus, we consider a vector &, € g, such that |,| = 1
and (1 — 0)&, € b, . The restriction of the Jacobi operator R(;_g)e, to b, has the same
eigenvalues (with multiplicities) as the Jacobi operator of a unit vector in TCH*  and
this yields by = R(1—0)& ®R(1 —0)JzE @10, where Z € gaq is a nonzero vector with
|Z|? = 2 (thus, |Z|san = 1) and o is a real subspace of a @ (p, © (1 — 0)HE,) D paa.
Choose vectors X, Y € go, such that (Y, X,7) is a positively oriented orthonormal
basis of go,. This implies that JxJy = Jz. In particular, the vectors Jx&, and Jy&,
are perpendicular to [ij, which means that Jx&,, Jy&, are in hugn. Choose elements
Tx, Ty € tsatisfying Tx + JJx&a, Ty + Iy & € h. Then we have [T'x, Jy&u |+ [Ix&a, Ty ]+
[foa, Jyfa] = [TX + foa, Ty + Jyfa] S f] Observe that

[JXSOH JYfa] = _D(_P[JXgaa J?(‘]YSOI]
2
(2) = —|X—|2[foa, JXJZEa]
_ o |foa|2 1
= W[JX&)“ JzJx&] = WZ = §Z,
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so [Tx, Jy&a] + [Jx&a, Ty] + 3Z € . Moreover, as the action of H is polar, the vector
(1+ 9)(%Z — [0¢a, Jzﬁa]) =[(1 = 0),, (1 —0)Jz&,] is perpendicular to . Thus,

1 1 1
0= <[TX, Jy&a] + [Ix6a, Ty] + 527 (1+ 9)(52 — [0a, sz])> = Z|Zl2’

contradicting the fact that Z is nonzero.

Therefore, we have shown that ¥ is a space of constant curvature. Assume that X
is not totally real in HH". Since X is a space of constant curvature, it must be strictly
contained in a totally geodesic HH! C HH".

By lemmas 4.3 and 4.4 we have, up to orbit equivalence, that a C hpL or P N hpL #0.

Ifa C f)pL, then Ha = a®ps,. Thus, f)pL C a®ps,. Take nonzero U € g, and Z € go,.
Then there exists S, T' € t such that S+ U, T+ J;U € . By Proposition 2.2 we have

0=([S+UT +,U],(1 - 0)2) = ([U, JU), 2) = 3|UP| 2,

which is a contradiction.

If po N l‘)pL # 0, there is a nonzero vector &, € g, such that (1 — )¢, € pr_ Thus,
hpL C H(1 — 0)&,. In particular a @ go, is orthogonal to pr, SO a D goa C baan. By
Lemma 4.2 we get go, C . Since h; is not totally real, there exists n, € f)pL C H(1-0)&,
such that [£,,n.] # 0. By Proposition 2.2 we get

0 = {[€a Ml [(1 = 0)ar (1 = O)11a]) = ([€a Mals (1 + O)([€a 0] = [0€a 1))} = [[€as mall®,

which is also a contradiction.
Therefore, ¥ cannot be a totally geodesic submanifold of HH! C HH". Since ¥ has
constant curvature, we conclude that X is totally real. Il

Due to Proposition 5.1, we know that the sections of the action of H are totally real
submanifolds of constant curvature. This implies that ijL is totally real in p.

Lemma 5.2. h N gy, # 0.

Proof. Assume, on the contrary, that h N gs, = 0.

Since f]pL is totally real we have dim hpL < n. In this proof, for v C t® a®n we denote
by m,: b — v the orthogonal projection of h onto v. Recall that b, = m,(h).

Since H induces a foliation on HH" and f)pL is the tangent space of a section, we have
dim hage = dim HH" — dim b, > 3n.

Now we consider ¢ the orthogonal projection onto t. We have kerm¢ = h N (a @ n),
which is an ideal of h. Recall that t is the Lie algebra of a maximal torus of K, =
Sp(1) x Sp(n — 1) (see Table 1). In particular, dimt < n. Taking this into account
yields dim(h N (a @ n)) = dimbh — dim7(h) > 3n —n = 2n.

Note that hNn is also an ideal of b because hN (a@®n) is and [tHadn,n] C n. Since
dima = 1, we have dim(h Nn) > dim(hN(adn)) —1>2n — 1.

Since [n,n] C go, and hNin is a subalgebra of h, we obtain [hNn, hNn] C hNnNgy, =
h N g2o = 0 by our assumption. Thus, h N n is abelian. But [n, gso] = 0, so (h Nn),,
is also abelian. Since abelian subspaces of g, are precisely totally real subspaces, we
conclude that dim(h Nn),, < dimgg, =n — 1.

On the other hand, the kernel of the orthogonal projection of Hn onto g,, is precisely
hNnNgae =bhNgoe =0. Thus, dim(h Nn)y, = dim(hNn) — dim(h N gae) > 2n — 1.
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Therefore, we have obtained 2n —1 < dim(hNn),, < n—1, which is a contradiction.
As a consequence, h N go, # 0. U

In view of Lemma 5.2 we assume from now on that there is a nonzero vector Z €
b N gan. We may further suppose that |Z|?> = 2 (that is, |Z|ay = 1). Recall also from
Lemma 4.4 that we may assume, up to orbit equivalence, that there is a vector &, € g,
such that B + (1 —0)&, € b,

Under these assumptions we will show that

Proposition 5.3. f)pL Cadp,.

In order to prove Proposition 5.3 we consider (bpl)p?a, the orthogonal projection of
pr onto po,. It suffices to show that dim([ij) = 0. We carry this out in two steps.
The first of those is relatively easy to obtain:

Lemma 5.4. dim(b, ), < 1.

P2«

Proof. Tt follows from Lemma 5.2 that dim(b; )p,, < 2. Thus we have to prove that the
case dim(hy )p,, = 2 is not possible.
Assume dim(b, )y,, = 2. Then we can write
by =R(B+ (1 - 0)&) & (1= 0w S R(1 — 0) (0 + 12a) & R(1 = 0)(¢a + ¢2a),

where 10 C go, Moy Ga € Bas 20, P2a € 824, and we can assume that (1724, P24, Z) is a
positively oriented orthonormal basis of go, (With respect to the inner product of a®n).
Since by is totally real,

0= (Jz(1 = 0)(Na + M20), (1 = 0)(da + ¢24))
= ((1 = 0)(Jz20a — b2a), (1 = 0) (¢ + $2a))
= 2(J2Na, ba) — 2(P20, P20) = 2([Na> Pa), Z) — 4,
and we get ([Na, dal, Z) = 2.
Since b is orthogonal to [pr, hpL] by Proposition 2.2, we also have
0=(Z,[(1 = 0)(1a + n2a), (1 = 0)(¢a + ¢24)])
= (Z, (1 +0) ([0, Pa] = [0 Do) = 070 P20] — (0120, Pa) — [0720> D2a)) )
=(Z, N> 9al) = 2,
which gives a contradiction and finishes the proof. U

The second step in the proof of Proposition 5.3 is to show that the case dim(f)pL) =1

is not possible. To do this we will need the following lemmas:

P2a

Lemma 5.5. Assume dim(b, ),,, = 1. We can write

P2a
by =R(B+ (1-0)&) & (1 - 0)w &R(L — 0)(1a + n2a),

where 1o is a totally real subspace of 9o, € and n, are linearly independent vectors of
Ga, Moo € G20 With |ma|? = 2, HE, + Hn, is orthogonal to Hio, 2[é4, 1] = —12a, and

_ <€O¢7770¢> o L
Tl = STRE

J
[al?

M2a ga .
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Proof. By Lemma 4.4 and the assumption dim(b, ),,, = 1, it is clear that we can write
by =R(B+(1—-0)¢) @ (1 —0)w @ R(1 —0)(1a + 72a), where 10 C gq, &, o € 9o are
orthogonal to 10, 7oy € goa, and |1m2q|? = 2 (thus, |m2a]3y = 1)

Since l‘)pL is totally real, it is clear that so is tv. Moreover, for each U € o and X € go,
we have

0= (Jx(B+ (1= 0)8), (1 -0)U) = (1 - 0)(5X + Jx&), (1~ U ) = 2Jx&a, ),
which implies HE, is orthogonal to tv. Similarly, since Jxns, € a @ gon We get

0= (Jx(1 = 0)(Na + 12a), (1 = O)U) = 2{Jx7a, U),
and we also obtain that Hn, is orthogonal to to. Finally,

0= (Jx(B+(1=0)&), (1 =0)(1a + 72a))

- <(1 —0) (%X + JX€Q>, (1 =0)(1a + 772@)>
= 2(Jx&a: Ma) + (X, M20) = (2[€as Ma] + 120, X)),

80 2[€4,Ma] = —M2a- In particular, &, and 7, are linearly independent vectors.

Let U € go ©w. The vector —(U, &) B + U — $(U, 1a)724 is orthogonal to b, . Thus,
for each U € g, © t there exists Ty € t such that
1
2
Taking U = &, and U = 7, in the previous expression, and then bracketing the result
gives

(3) TU - <U7 £a>B + U- <U7 na>772a S b

1 1
|:T£a - |€a|2B +&a — §<£a777a>772a7 Tna - <na7£a>B + Na — §|77a|2772a
1 1
= 5 (& ma)ba = S lal*ne + [Teas na] = [Ta €l

1 1 1
+ §(|£a A na|2 - 1)7720l - §|77a|2[T5a, Noa) + §<§aa na>[Tna: 24,

which is an element of h. Hence, taking inner product with the vectors B + (1 — 6)¢,
and (1 — 0)(na + 12q) € b, we deduce that

() (Teus . ) =0 (T € 10) = 5o Ael? = 1

We also calculate
[B+ (1= 0)8, (1 = 0)(1a + 1720)]

5) = (14 ) (510 + e+ [ 1] — (86 a] — 06e 2]

1 1
= (1 + 9) <_[9€m 7704} + 5% + anafa + 5772a>-
Since b is orthogonal to [hpl, bpl] by Proposition 2.2, taking inner product with the

element T}, — (€a; M) B+1Na—3[1a|*n2a € b, and using (J,,. 0 7a) = ([£as Ma)s a) = —1
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and (4), gives

1 1
0= _<T77a7 (1 + 9)[9§a777a]> + §|77a|2 < nzagon na> - §|na|2

= —2([Ty., &l ma) = 1= —|&a Anal* + 1.

Using these results and |J,,,&a|? = 1[m2al?|€a]? = [€al* we calculate

[0 A ((Eas Ta)a — Jnpaba) [
= ‘na|2|<£a777a>£a n2a£a|2 (Mevs (s M) — n2a£a>
= |na|2(<§aana>2’§a|2 + |‘]772a§a|2) - (<§a777a>2 ( 772a§m77a>)
= [1al*((€as Ma)*[€al? + [€al?) = ({Cas a)® +1)% = (|€a Attal® = 1) ({§as a)® +1) = 0.

This implies that 1, and (&4, 7a)&a — Jipaa are collinear, so we may write

= 1({€as Na)a — Inpaba), M ER.

Taking inner product with 7, and recalling that [§, A o] = 1 = —(J,.0: M), the
formula for 7, readily follows. O

Setting U = J,,.&, in (3) we have that

1
TJngaﬁa + 77204604 - < 772&€Om77a>772a =S5+ 772&606 + 772oc € h7

where we have defined S = TJn2a§a for simplicity, and used Lemma 5.5 for the last
summand.

Lemma 5.6. Under the above hypotheses, we have

2
[ga, ]7 |€a|

Proof. Since ¥ stabilizes g, and ad(S) is skew—symmetric, we get [€q, S| € ga © RE,.
Let W € w. Since b is orthogonal to [pr’ f)pL] and HE, is orthogonal to to, we have

Inza8a-

_ <5 + Ty + %7720n [B+(1—0)&, (1 - H)W]>
_ <5 td Eat %nza, (1+06) (%W = [0&a.; W]>>

_<Sv (1 + 9)[95017 W]) = _2<Sv [95047 W]> = 2<[£aa S]a W),

or, in other words, ([¢,, S],w) = 0.
Let U € go © (0 & RE, B R, nzafa) Then, there exists Ty € t such that Ty, + U € b.
Since b is perpendicular to [ij , hp |, taking inner product of Ty+U with the expression
in (5), and using Lemma 5.5 yields

0= —<TU, (1 + 0)[9§aa 77a]> = <[TU7§a] 77a>

from where ([Ty, &al, Jipaa) = 0.

Since b is a Lie algebra,

(6) [57 U] - [TUa nzaéa] [ 772a5017 ] %[TU77720¢] - [S + anafa + %772017TU + U] € b

|§ |2<[TU7§Q] T]2a§a>
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Taking inner product of (6) with B + (1 — 6)¢, € b yields

= <[S7 U]a§a> - <[TU7 7]2(1504] §a> = <[£a7s]v U)‘

Therefore, [£,, 5] € RJ,,, &a.
We finally take inner product of S + J,, &n + 2772a with (5) taking into account
Lemma 5.5, the skew-symmetry of ad(S), and (Jy,,&a: M) = —1, to obtain

0= —(S,(1+0)[08;na]) + 5 < n2a€a,77a> + | 772a€o¢|2 |7720z|2

—2([5, 60, Ma) + |§a|2 (1S, &al, n2a§cx> + ‘€a|2

|§o¢|2
and thus,
(o 51, ) = 2
s n20 S 5
Since, |Jp,.&al? = |€al?, altogether this implies the result. d

We are now ready to prove the main step of this section.

Proof of Proposition 5.3. We just have to show that the case dim(f)pl)pm = 1 is not
possible. On the contrary, assume that this is true, and we will reach a contradiction.

We define
9= EXP( |€a|2§a>

The isotropy group of H at ois H, = H N K, and its Lie algebrais hNe =hNt. On
the other hand, H - g(o) = g(¢g ' Hg) - 0, so the orbit of H through g(o) is congruent
to the orbit of g7'Hg through o. Thus, the isotropy group of H at g(o) is conjugate
to the isotropy group of g"'!Hg at o, and its Lie algebra is conjugate to Ad(g)(h) Ne =
Ad(g)(h) Nt.

Since all the orbits of the action of H are principal, the slice representations of H
are trivial [3, Theorem 2.1.3]. Hence, at o we have [h Nt,bh;] = 0. This implies that
(1-0)[T,¢,) =[T,B+(1—-0)&] =0forall T € hnt. Consequently, ad(&,)(hNt) =0
and Ad(g)(hNt) = hNt. In particular, hNt C Ad(g)(h) Nt. The contradiction will be
achieved if we show that the equality does not hold.

Recall the element S + J,, & + 2772a € h. Note that S ¢ hNt by Lemma 5.6. Using
again Lemma 5.6 and [£,, J,. &) = 5Eal*m2q vields

Ad(g) (s + Jpoa + %nm) = ¢ e *(E) (s - J%ga + 1%>

1
frt S + J7]2a§a + 577204 - |€a|2 [50&7 S + 772(1 ] |§a|4 [é'OH [5&7 ]]
1 1
=S5+ J772a§a + 5772& ngagoc Moo + 5772(1 =5
As a consequence, S € Ad(g)(h)Nt, so dim Ad(g)(h) Nt > dim(hNt), contradicting the
fact that all isotropy groups are conjugate. U

Now that Proposition 5.3 has been proved, we are in a position to verify Theo-
rem C (2) in the quaternionic case.
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Proof of Theorem C (2) when F = H. Let H be a closed connected subgroup of Sp(1,n)
acting polarly on HIH"” inducing a foliation. Because of Lemma 4.4 and Proposition 5.3,
we may assume up to orbit equivalence that h Ctdadn, f)pl C a® pa, and that there
exists some &, € go such that B + (1 — 6)&, € b, . Consequently, we may decompose
bp =R(B+ (1—-60)&,) @ (1 —6)v, where v C g, is orthogonal to RE,. Recalling that
f)p is a totally real subspace due to Proposition 5.1, we deduce that v is a totally real
(equivalently, abelian) subspace of g,, and the subspaces H¢,, and Hv are orthogonal.
On the one hand, assume &, = 0. We then have l)pL =a® (1 —0)v, so that hag, =
ne v =s,,. Using Proposition 4.5, we obtain that H and S,, have the same orbits.
On the other hand, suppose &, # 0. In this case, we define the element

g= Exp( |§a|2£a) € N.

Then H and gH g~ ! induce orbit equivalent actions on HH". Moreover, the Lie algebra
of gHg™" is Ad(g)h C t® a@n. Our aim is to show that (Ad(g)h), = (1 — 0)r, where
v = RE, @ v is an abelian subspace of g,.

Note that B + &, is orthogonal to h because B + (1 — )¢, € ijL and On L b.
Consequently, Ad(g)h is orthogonal to the vector

Ad(g ) (B4 &) =¢ Tl (B 1 e) =B 1, - el o =& (mod o),

l&

so0 &, is orthogonal to Ad(g)h.
Let € v be arbitrary. Then 7 is orthogonal to b since (1 — 0)n € hpL and b L On.
Moreover, because the action of H is polar, the element

(1 + 6)77 - 4[0504’ 77] = Q[B + (1 - 0)5047 (1 - 0)77]

is orthogonal to b, and since 1 and On are already orthogonal to h we see that [0¢,, n]
is orthogonal to hh. We deduce that Ad(g)b is orthogonal to the vectors

—1y —ozad(féa)
Ad(gY)n = e Tl 21y = ) G |2[9§a, nl  (mod 6n)

and
Ad(g~")*[0¢,n] = [0&a,n]  (mod On).

This implies that the vectors  and [0¢,,n] are both orthogonal to Ad(g)b.
Summarizing, we have seen that Ad(g)h is orthogonal to w = RE, @b, so for dimension
reasons we have (Ad(g)h), = (1 — 0)w and (Ad(g)(h))agn = A & (N S W) = sop.
Proposition 4.5 then guarantees that gHg~' has the same orbits as Sg,, so we deduce
that the actions of H and Sg, are orbit equivalent. This concludes the proof. ]

6. POLAR FOLIATIONS ON THE CAYLEY HYPERBOLIC PLANE

We now classify polar homogeneous foliations on the Cayley hyperbolic plane M =
OH? = F;2/Spin(9).

We consider a closed connected subgroup H C F;?° that acts polarly on M inducing
a homogeneous foliation. The action of H is assumed to be nontrivial and nontransitive.
We let ¥ C M be the section through o of the action, and let f)pl be its tangent space.
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By virtue of Proposition 4.1, we can assume up to orbit equivalence that the Lie algebra
h of H is contained in a maximally noncompact subalgebra of the form t & a @ n, with
t C ¢, an abelian subspace.

According to lemmas 4.3 and 4.4 we can consider, up to orbit equivalence, two pos-
sibilities.

6.1. The case a C b,

Let us suppose that B € f)pL. In particular, we see that []pL is invariant under the
Jacobi operator Rp = —ad(B)? € End(p). As a consequence, f)pl can be decomposed
into the eigenspaces of the restriction RB|hpl7 which are precisely the intersections of pr
with the eigenspaces of Rg. Thus, from (1) we have the splitting

by =ad (1—-0)va (1—0)w,

where v is a real subspace of g, and tv is a subspace of go,.

We first show that v (and therefore g, © v) is invariant under Jx for every X € .
Let U € v and X € to. Because the action of H is polar, we see that (1 + 0)JxU =
[(1—-0)U,(1—0)X] is orthogonal to b, and since fn is perpendicular to b, we conclude
that JxU is perpendicular to . This gives JxU € v, as desired.

Now, note that the maximum dimension of a totally geodesic submanifold of M
is equal to 8 = dim g,, corresponding to RH¥(1) € OH? or HH? C OQH?. Since the
dimension of ¥ is 14+dim v+dim tv, we see that v # g,, so we can choose a nonzero vector
V € g.6v. Let X € 1o be any vector. The elements V' and JxV belong to g.&0 C bagn,
the orthogonal projection of h onto a @ n. Thus, there exist T, T € t satisfying
T+ V, T + JxV € b. In particular, we see that [T, JxV] + [V,T"] + (1/2)|[V|*X =
[T+ V,T' + JxV] € b. Taking inner product with (1 — )X € b, we deduce that
(1/2)|V]2|X]?> = 0. As a consequence, X = 0, which means that to is trivial.

Finally, we claim that v is at most one-dimensional. Indeed, suppose that v = 0.
Then the restriction of Rp to h’gL & a = (1 —0)v is a multiple of the identity map. As
Y is a symmetric space of rank one, we deduce from this that ¥ is a space of constant
curvature. Now, the sectional curvature of ¥ is —1/4, and Subsection 2.3 reveals that ¥
is congruent to RH?(2). In particular, v is one-dimensional. In conclusion, the normal
space by is either a or a @ (1 — 6)¢ for a line £ C g,.

We can summarize our discussion in the following result:

Proposition 6.1. Ifa C f)pl, then Hoan = n v, where v C g, and dimov < 1.

6.2. The case b, Np, # 0.

Now we assume that there exists a nonzero vector &, € g, with (1 — 6)&, € f)pL.
Without loss of generality, we may choose &, so that |{,] = 1. Once again, we know
that f]pL is invariant under the Jacobi operator R(;_g),, so using (1) we may write

b, = (1 —0)(RE, @ v) & 1,

where v C g, © R, = J&, is a real subspace and v C a @ po,.

We start by claiming that the space R, @ v is invariant under Jx for all X € wg, .
To see this, let n € R, @ v and tB + (1 — )X € w, where t € R and X € gy,. Since
the action of H is polar, we see that (14 0)(in — Jxn) = tB+ (1 —0)X, (1 —0)n] is
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orthogonal to h. This, combined with the fact that On and n are already orthogonal
to b, implies that Jxn is orthogonal b, so Jxyn € RE, @ v, as desired. In particular,
the skew-symmetry of Jy also implies that g, © (R{, @ v) is Jx-invariant. Because
dim ¥ < 8 = dim g, either l‘)pl = p,, or the orthogonal complement g, © (R, @ v) is
nonzero.

Lemma 6.2. If [ij C pao, then dim ijL = 1. In particular, f)pL 15 not equal to Py .

Proof. Assume dim f)pL > 2. Since hpL C pao, we have a & gon C begn- Applying
Lemma 4.2 we deduce go, € bh. Now, because dim f)pl > 2 and g, © RE, = Jéa,
we may find a nonzero vector X € gy, such that (1 —6)Jx&, € hpL. As a consequence,
the vector (14 60)(3X — [0, Jx&]) = [(1 — 0)&, (1 — 0)Jx£] is perpendicular to b due
to the polarity of the action. This contradicts the fact that go, C B, so necessarily
dim [jpL =1. O

Lemma 6.3. The subspace to is contained in a.

Proof. Tt suffices to prove that the projection of to onto go, is trivial. Because of
Lemma 6.2 and its preceding discussion, we know that there exists a nonzero vector
V€ ga© (R ® ). Now, let tH, + (1 —0)X € to, where t € R and X € go,. Recall
that g, © (R, ® 1) C hagn is invariant under Jy, so we deduce that V| JxV € hygn.
As a consequence, we may select vectors T, T" € t such that T+ V, T 4+ JxV € b.
Therefore, we have [T, JxV]+ [V, T'| + :|V|?’X = [T+ V,T'+ JxV] € b, and we obtain

1 I
0= ([T, JxV] + [V.T') + 5IVEX tHo + (1= 0)X ) = S[VPIX],

thus forcing X = 0. This proves the desired assertion. U

Because tv is contained in the one-dimensional space a, we see that either to = a or
tv = 0. The case tv = a was already dealt with in Subsection 6.1, so we may assume
directly that ro = 0, giving by = (1 — )(R&, @ v) C p,. Lemma 6.2 then implies that
dim f)pL =1,s0 v =0 and f)pl = R(1 — 0)&,. We therefore conclude with:

Proposition 6.4. If hpL Npo # 0, then hogn = (a0 b) D (NS L), where b C a is a vector
subspace and ¢ C p,, is a line.

6.3. End of proof.
We now verify Theorem C (2) for the Cayley hyperbolic plane. This will conclude
the proof of Theorem C.

Proof of Theorem C (2) when F = Q. Suppose H C F;% is a closed connected sub-
group that acts polarly on M = OQH? inducing a foliation. By combining Proposi-
tion 4.1, Lemmas 4.3 and 4.4 and Propositions 6.1 and 6.4, we deduce that (up to orbit
equivalence) h C t @ a & n and the tangent space hug, is of the form s;, for a subspace
b C a and a subspace v C g, of dimension at most one. Therefore, H falls under
the hypotheses of Proposition 4.5 (with 3 = a © b and v, = v). This guarantees that
the orbits of H are equal to the orbits of the connected subgroup Sy, C G whose Lie
algebra is sy . U
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