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Abstract

It is shown that any four-dimensional Walker metric of nowhere zero
scalar curvature has a natural almost para-Hermitian structure. In con-
trast to the Goldberg-Sachs theorem, if this structure is self-dual and
*-Einstein, it is symplectic but not necessarily integrable. This is due to
the non-diagonalizability of the self-dual Weyl conformal curvature tensor.
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1 Introduction

A widely investigated topic in differential geometry is the influence of the cur-
vature on the underlying structure of the manifold (see, for example [3], [21]
and the references therein). Certainly related but less explored, is the existence
and properties of additional structures defined by certain curvature operators
(see [11] for an example of certain Clifford module structures defined by means
of the Jacobi operators). Another example, which is the starting motivation of
this work, comes from the generalized Goldberg-Sachs theorem in Riemannian
geometry, which asserts that under certain degeneracy condition on the self-dual
Weyl conformal curvature tensor, a four-dimensional Einstein metric becomes
Hermitian [2].

Generalizations of the Goldberg-Sachs theorem have been carried out for
Lorentzian [26], [27] and for indefinite metrics of signature (— — ++) under
natural assumptions on the degeneracy and the diagonalizability of the self-dual
Weyl curvature operator W*. Any such Einstein metric becomes Hermitian
(with respect to a negative complex structure) or para-Hermitian according
to the causal character of the one-dimensional eigenspace associated with the
distinguished eigenvalue of the self-dual Weyl curvature operator [1], [22]. Since
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the diagonalizability of W plays an essential role in both results, our plan
is to exhibit examples showing the necessity of such assumption. If WT is
non-diagonalizable and W # 0, then W is necessarily degenerate and the
distinguished eigenvalue with multiplicity one has associated timelike eigenspace
since the induced metric on A% M is of Lorentzian signature (— — +). In such a
case, an additional structure can still be constructed on the underlying manifold,
namely, an almost para-Hermitian structure. However, the Einstein assumption
does not force this structure to be integrable although, if the metric is assumed
to be self-dual, the associated two-form is closed.

The paper is organized as follows. In Section 2, we introduce the kind of
manifolds under consideration (Walker manifolds), with special attention to
their Weyl conformal structure, and we show that the self-dual Weyl curvature
operator is always degenerate. The existence of a distinguished eigenvalue of W+
is considered in §3. We study the associated almost para-Hermitian structure
and show that it is isotropic (i.e., || VQ||? = | N,||?> = [|dQ|? = 0). Moreover, the
existence of such an almost para-Hermitian structure allows us to obtain some
topological restrictions on the existence of such Walker metrics. Finally, the
influence of additional properties of the curvature is considered in §4, where we
show that any *-Einstein self-dual Walker metric with nonzero scalar curvature
is symplectic.

2 Walker metrics

A Walker manifold is a triple (M, g, D), where M is an n-dimensional man-
ifold, g an indefinite metric and D a parallel isotropic r-dimensional plane.
Walker metrics constitute the underlying structure of many strictly pseudo-
Riemannian situations with no Riemannian counterpart: indecomposable (but
not irreducible) holonomy [4], Einstein hypersurfaces with nilpotent Jacobi op-
erators [23] or some classes of nonsymmetric Osserman metrics [16] are typical
examples. Walker metrics have also been considered in general relativity in the
study of hh spaces [8], [17]. Moreover, the fact that para-Kihler and hyper-
symplectic metrics are necessarily of Walker type motivates the consideration
of such metrics in connection with almost para-Hermitian structures.

For any Walker metric a canonical form was obtained in [28], where it is
shown the existence of suitable coordinates (x1, z2,x3,x4) for which the metric
is expressed as

0 0 1 0
0 0 0 1

9711 0 a ¢ (1)
01 ¢ b

for some functions a, b and ¢ depending on the variables (z1, 2, 3, x4).

Let us denote by V the Levi-Civita connection of g and by R its curvature
tensor, with the sign convention R(X,Y) = V[x y] — [Vx, Vy]. The curvature
tensor can be understood as an endomorphism of the bundle of 2-forms, R :



A2M — A2M, by setting R(dz® A da?)(k, 0)) = R(0;,0;,0k,0;). Since the
metric has neutral signature, we have the following O(2, 2)-decomposition

-
R=—Idpe + 0° + W,
192 A +P + )

where p® denotes the traceless Ricci tensor, 7 is the scalar curvature and W
denotes the Weyl conformal curvature tensor.

The Hodge star operator = : A2M — A2M associated with g induces a
further splitting, A2M = AiM ® A2 M, where A3 M denote the +1-eigenspaces
of the Hodge star operator, that is, A3 M = {a € A>M : xa = +a}. Since W
and * commute, the curvature tensor further decomposes as

R:%IdA2+pO+W++W*,

where W* = (W 4+ xW)/2. Recall that a pseudo-Riemannian 4-dimensional
manifold is called self-dual (resp. anti-self-dual) if W~ =0 (resp. Wt =0).
Let {e1,e9,€3,e4} be an orthonormal basis with e; and ey spacelike vectors
and e3 and e4 timelike vectors. Local bases of the spaces of self-dual and anti-
self-dual two-forms may be constructed as A3 M = span {Eli, EZ, E?:—L}, where

elne2tednet elNedte? net
V2 ’ V2 ’
Here, {e!,e?,e3, e} is the dual basis of {eq, ez, e3,e4}.
So far, we have just recalled general results for pseudo-Riemannian manifolds

of signature (++——). Next, we specialize the above results for Walker manifolds
by considering the following orthonormal basis:

el/\e4$62/\e3

Ef = 7

1 1
e1 :g(l—a)81+33, 622—031+§(1_b)82+64’

1 2 ©)
63:—5(1—|—a)31+83, 642—661—5(14‘())82"'84'

Observe that { Ef, E5", B3 } is an orthonormal basis of A2 M with (Ef, EF) =
L <E2i7E§E>:_17 <E3i7E3i> = -+
A long but straightforward calculation (see for example, [16]) implies that
the self-dual Weyl operator W7 is given by
Wi Wi, Wi +7/12
Wt = -Wi 7/6 W , (3)
-Wii —7/12 —W Wi —1/6



where W and W, are given by

Wi = % (60&162 — Baybs — 2¢19 + 12a1¢4 — 6cash, + Basby + 6base,
+ 6azb; — 6asbs — 12a4¢1 + 6abicy — 6abacy + 12bycy — 12bsco
—12c%a1; — 12bcas + 24cars — 3b%ags + 12bass — 12a44
—3a%byy + 12ab13 4+ 12acci1 + 6abcia — 24cci13 — 12acq14
— 12begs + 2434 — ary — bay — 12b33),

W{S = (—6ba162 - 260,11 - balg + 2a14

P

+ abia — 2bos + ac11 — 2¢c12 — 2¢13 — beas + 2(324).

(Hereafter, for any function h we denote by h;, ;. , the partial derivatives
O%h/Ox;, ...0x;, with respect to the coordinate functions).

Remark 1 It follows from (3) that W™ has eigenvalues 7/6 and —7/12, the
later with multiplicity two, and hence the self-dual Weyl conformal curvature
operator W+ of any Walker metric is degenerate. Moreover, if T # 0 then W+
is diagonalizable if and only if (see [16])

2+ 120 + 48 (W) =0,
and W #£ 0 if the scalar curvature is non-zero.

Remark 2 Reversing the orientation of the Walker manifold, one could work
with the anti-self-dual Weyl conformal operator W ~. However the situation in
this case is much more difficult since the eigenvalue structure of W~ is more
complicated, allowing complex eigenvalues. (See [9] for more information on
anti-self-dual Walker metrics).

3 Almost para-Hermitian Walker structure

A para-Kdéhler manifold is a symplectic manifold admitting two transversal La-
grangian foliations (see [12], [22]). Such a structure induces a decomposition
of the tangent bundle T'M into the Whitney sum of Lagrangian subbundles L
and L', that is, TM = L & L’'. By generalizing this definition, an almost para-
Hermitian manifold is an almost symplectic manifold (M, Q) whose tangent
bundle splits into the Whitney sum of Lagrangian subbundles. This definition
implies that the (1, 1)-tensor field J defined by J = wy, — 7y is an almost para-
complez structure, that is J2 = id on M, such that Q(JX,JY) = —Q(X,Y) for
all X, Y € I'TM, where 7, and 7}, are the projections of TM onto L and L',
respectively. The 2-form Q induces a nondegenerate (0,2)-tensor field g on M
defined by ¢g(X,Y) = Q(X,JY), where X, Y € T'TM. Tt follows now that the



two-form 2 defines a timelike section of Ai, and conversely, any timelike section
of A% defines an almost para-Hermitian structure. See [18] for a discussion of
almost para-Hermitian geometry from the point of view of general relativity.

Hence, assuming 7 # 0, the self-dual Weyl curvature operator W+ has a
distinguished eigenvalue 7/6 whose associated eigenspace is timelike for the
induced metric on Ai. After replacing M by a two-fold covering if necessary,
it follows that the 7/6-eigenspace of W™ is generated by a globally defined
self-dual two-form. We take as generator the two-form

SW SW
V2 V2

that verifies (Q, Q) = —2 with respect to the induced metric on A* M. Hence it
gives rise to an almost para-Hermitian structure on the Walker manifold M.

Indeed, let us define J € End(TM) by g(JX,Y) = Q(X,Y) for all vector
fields X and Y. Expressing the E;’s in terms of the e'’s it is easy to get that
J has the matrix representation with respect to {e1, e, e3,€4}:

Q=—

Ef —V2E; + Ef,

0 AW /T -1 AW /T
Jo | AW/ 0 —AWLh /T -1
- -1 —AW /T 0 —AW /T
4W1§ /T —1 4W1‘5/T 0

From here, it is easy to check that J? = Id and g(JX,JY) = —g(X,Y) for all
vectors X and Y. In what follows we will refer to (g,J) as the almost para-
Hermitian Walker structure, which is globally defined on any Walker manifold
with nowhere zero scalar curvature.

Remark 3 A coordinate description of the almost para-Hermitian structure J
is obtained by a direct calculation from (2), namely

10 a 2+2W]

oo 2wy b
00 -1 0
00 0 -1

Analogously, 2 may be written as

AW
QO =dxy Ndxs + daxo ANdxy — (c+ )dxg/\dx4.
T

3.1 Isotropic almost para-Hermitian Walker structures

Following the terminology in [19], an almost para-Hermitian structure (g,.J)
is called isotropic para-Kdihler if |VJ||? = 0 but VJ # 0. The existence of
isotropic Kéhler structures has been already reported in [5], [13] in connection
with the Goldberg conjecture in the pseudo-Riemannian situation. Indeed, such
property is the underlying fact that supports the existence of Einstein and *-
Einstein almost Kéhler structures that are not Kéahler. We first consider the
following.



Theorem 4 The almost para-Hermitian Walker structure (g,J) is isotropic
para-Kdahler, isotropic almost para-Kdhler and isotropic para-Hermitian, that
is, [VQ|* = [|ld|* = [ N[> = 0.

Proof. For the sake of simplicity in what follows we denote f = 4W, /7, and
hence,
Q =dxy ANdxs + deg ANday — (e + f)das A day, (4)

with respect to the coordinate frame fields. Put (VQ);x = (Vo,Q)(0;,0k).
After some calculations we get that the non-zero components of V{2 are

(V134 = —(VQus =—c1 — fi1,
(V@234 = —(VQ)auz = —c2 — fo,
(VQ)334 = I(VQ)343
= 3 2a4 — 4cg — 2f3 — bag — feco — (2¢+ fay + acl), ()
(VQ)434 —(V)aa3
= %( 2f4—2l)3—fb2—bcz+ab1—(2c+f)cl).

Now, ||[VQ||?2 = 3 g7 (V)i jk(VQ)pgr vields [|[VQ|? = 0, which shows
that (g, J) is isotropic Kéhler.
Moreover, it follows from (4) that

dQ) = —(61 + fl)dl‘l A ddfg A\ dZZ?4 — (CQ + fg)dl‘Q AN dl‘3 A dJC47 (6)

and thus ||dQ|? = 0.

Finally recall that J is an integrable almost para-complex structure if the
associated Nijenhuis tensor, N;(X,Y) = [JX,JY] — J[JX,Y] — J[X,JY] +
[X,Y], vanishes. The non-zero components of N; are

Nfs = _N§4
= 4((201 + fl)a — bas — 2cay —(a1 + 2¢o + f2)f+a4 — 4Cg—2f3), (7)
N243 = _N234

=4(aby +bfy +2cfi + (f1 — b2) f — 2b3 — 2fa),

where N;(0;,0;) = >, szgak. The result follows from the formula | Ny||? =
> gy qngNi’}N;q after some calculations. O

Remark 5 We emphasize that although V), dQ) and N; are isotropic, the
corresponding tensor fields are not zero. Indeed the following are inmediate
consequences of (5)—(7)

(i) € is symplectic (equivalently (g,J) is called almost para-Kdhler) if and
only if ¢ + f does not depend on 1 and xs.



(ii) J is integrable (equivalently (g, J) is called para-Hermitian) if and only if

(i2.1)  (2¢1 + f1)a —bas —2ca; — (a1 +2¢2 + f2) f + as — 4es — 2f3 =0,
(222) ab1 + bf2 + 2Cf1 + (fl - bQ)f - 2bE} - 2f4 =0.

Moreover (g,.J) is para-K&hler if and only if (¢) and (i) are satisfied.

3.2 Global structure of 4-dimensional Walker manifolds

Due to the existence of coordinates (1) the local properties of Walker metrics
have been widely investigated but very few is know as concerns their global
structure (see for example [14], [20]). However, if the scalar curvature is nowhere
zero, the metric becomes almost para-Hermitian, from where some conclusions
can be obtained.

The Hitchin-Thorpe inequalities for Einstein 4-manifolds have been gener-
alized to the (— — ++)-setting in [24], showing that the Hirzebruch index 7[M]
and the Euler characteristic x[M] satisfy 3|r[M]| < x[M]. Walker manifolds of
nowhere zero scalar curvature provide examples where the equality is attained.

Theorem 6 Let (M, g) be a compact Walker 4-manifold whose scalar curvature
is nowhere zero. Then 37[M] = —x[M].

Proof. First of all, note that the existence of an almost para-Hermitian struc-
ture (g, J) is an equivalent condition to the existence of an almost anti-Hermitian
structure (g,.7) (i.e., J? = —Id, g(JX,JY) = —g(X,Y) for all vector fields
X,Y on M). Indeed, let (g,J) be an almost para-Hermitian structure and let
h be an arbitrary Riemannian metric on M such that A(JX, JY) = h(X,Y) for
all X, Y. Define an almost product structure @ by h(QX,Y) = g(X,Y) and put
J = —JQ. An straightforward calculation shows that 7 is an almost complex
structure on M and moreover

9(JX,TY) =g(JQX,JQY) = —g(QX,QY) = —g(X,Y),

which shows that (g, J) is almost anti-Hermitian.

Moreover, a straightforward calculation shows that [ is h-orthogonal and
the fundamental forms Q and Q% (X,Y) = h(JX,Y) coincide. Hence, both
J and J induce the same orientation on M (see [6], [7] for more information
on anti-Hermitian and anti-Kéhler structures). Chern classes of almost complex
manifolds with anti-Hermitian metrics where studied in [6], [7], where it is shown
that all odd Chern classes vanish (i.e., cop+1[M] = 0, for all k).

Finally, the result is obtained from the fact that an orientable four-dimen-
sional manifold admits a (— — ++)-metric if and only if it satisfies a pair of
Wu’s conditions

ci[M] = 37[M] +2x[M],  ci[-M] = =37[M] +2x[M],

where —M stands for M with the opposite orientation [25]. O



4 Self-dual Walker metrics

The existence of an almost para-Hermitian structure allows one to define the
*-Ricci tensor, p*, by p*(X,Y) = 3 trace{Z — R(X,JY)JZ} for any vector
fields X and Y. The contraction of this tensor is called the *-scalar curvature
and is denoted by 7*. An almost para-Hermitian structure is said to be weakly
x-Einstein if p* = (7*/4)g. Furthermore, if the *-scalar curvature is constant,
(g,J) is called *-Einstein.

Lemma 7 Assume the Walker metric g is self-dual. Then the almost para-
Hermitian Walker structure (g, J) is weakly x-FEinstein if and only if
a=2B+ 1P +2:Q+E,
b=23B+ 1S + 22T + 1,
c=z1x2 B+ x1U + 12V + 7,

where all calligraphic and Greek letters depend just on x3 and x4. Moreover,
(g,J) is *-Einstein if and only if B is constant.

Proof. The non-zero components of the *-Ricci tensor can be calculated from
the local expression of the curvature tensor (see for example [16]):

1 1

Pis = P31 = 3 (a11 +ci2), Pia = Py = B (b12 + c11)
P23 = P3o = 5 (@12 + c22), P24 = Pa2 = 3 (b22 + c12)

1
P33 = 3 ((a11 + c12)a — (a12 + c22)f)

" 1
Paa =7 (bas + c12 — @14 — coa + (c22 + a12)b + (c12 + a11)(2c + f)),

piz = = (@14 4 c2a — baz — c13 + (b2 + c11)a — (b2 + c12) f)

N~ N~

Pias = 5 ((baz + c12)b+ (bi2 + c11)(2¢ + f)) .

Now considering the #-Einstein equations F = p* — (7*/4)g = 0, one gets that
(g, J) is weakly *-Einstein if and only if

a11 = by, c11 = —bia, a2 = —C22. (8)

Recall that a Walker metric is self-dual if and only if (1) is given by (cf. [16])

a = 23A+22B+ 2205C + 21220 + 1P + 129 + &,
23C + 23€ + 1123 A + 11209 F + 118 + 22T + 1,
¢ = 103F 4+ 103D + sdwo A+ 11230 + Ja13(B+E) + vl + 22V + 7,

where all calligraphic and Greek letters depend just on x3 and z4.



Considering the equations (8) we obtain
4o A —425C+2B -2 =0, 4das A+2F =0, 4xC+2D =0,

which implies A =C =D = F = 0 and £ = B, thus characterizing the weakly
*-Einstein structures. The *-Einstein case now follows from 7* = 6. [l

Theorem 8 Let (M, g) be a self-dual Walker metric with nowhere zero scalar
curvature. If the almost para-Hermitian Walker structure is x-FEinstein, then it
becomes almost para-Kdhler.

Proof. By Remark 5-(i), Q is symplectic if and only if ¢ + f does not depend
on (w1, x5), where f = 4W,,, /7. A long calculation from Lemma 7 shows that

1

c+f/=3g

(31‘184 —3x3B3 — T3 —Us + Py + V4).
This expressions does not depend on (z1,x3) if and only if B3 = By = 0. That
is, if and only if 7% = 6B is constant. g

Remark 9 The para-holomorphic sectional curvature associated with a non-
null tangent vector z is, by definition, the sectional curvature of the 2-plane
spanned by {x, Jx}, that is, H(z) = —g(R(z, Jx)x, Jx)/g9(x, z)%.

A straightforward calculation from Lemma 7 shows that the para-holomor-
phic sectional curvature of any weakly *-Einstein self-dual Walker metric satis-
fies H(z) = B, and thus it is pointwise constant and globally constant if (g, J)
is further assumed to be *-Einstein.

Remark 10 Einstein self-dual Walker metrics have been studied in [16] in con-
nection with the Osserman problem. It follows immediately from the results
in [16] that any non Ricci flat self-dual Einstein Walker metric is *-Einstein,
and thus symplectic. Moreover, the almost para-Hermitian Walker structure is
never integrable unless it corresponds to a paracomplex space form (since the
Bochner tensor vanishes due to W_ = 0) [10].

Further note that para-Kéahler manifolds of non-zero constant para-holomor-
phic sectional curvature are locally described by the para-Ké&hler Walker struc-
ture (g, J) corresponding to the Walker metric [16]

a(Il,ZZ?Q,IEg,IE;l) = O[IIT%, b(I1,$2,$3,$4) = Oﬂg, C($1,I27I3,£E4) = Qr1T2.

Finally observe that in such case the self-dual Weyl curvature operator is diag-
onalizable.
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