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The Steady State Space

The de Sitter space S|

The de Sitter space is the hyperquadric defined as

St = {x e RTT2: (x,x) = 1},

being R the (n + 2)-dimensional Lorentz-Minkowski space.
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The Steady State Space

The de Sitter space S}

The de Sitter space is the hyperquadric defined as

St = {x e RTT2: (x,x) = 1},

being R the (n + 2)-dimensional Lorentz-Minkowski space.

* S is a complete, simply connected (n + 1)-dimensional Lorentzian
manifold with constant sectional curvature one.

v
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The Steady State Space

The de Sitter space S}

The de Sitter space is the hyperquadric defined as

St = {x e RTT2: (x,x) = 1},

being R the (n + 2)-dimensional Lorentz-Minkowski space.

* S is a complete, simply connected (n + 1)-dimensional Lorentzian
manifold with constant sectional curvature one.

v

o Take a null vector a € R7™ past-pointing, that is (a,a) = 0 and
(a, e0) > 0 where e = (1,0, ..., 0).
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The Steady State Space

The de Sitter space S}

The de Sitter space is the hyperquadric defined as

ST = {x e RI™? : (x,x) = 1},

being R the (n + 2)-dimensional Lorentz-Minkowski space.

* S is a complete, simply connected (n + 1)-dimensional Lorentzian
manifold with constant sectional curvature one.

v

o Take a null vector a € R7™ past-pointing, that is (a,a) = 0 and
(a, e0) > 0 where e = (1,0, ..., 0).

The steady state space 7{"*!

The steady state space is the open region of the de Sitter space

HML = {x e ST : (x,a) > 0}.
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The Steady State Space




The Steady State Space

@ H"*! is a non-complete manifold, being only half of the de Sitter
space and having as boundary the null hypersurface

Lo = {x € ST : (x,a) = 0}.
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The Steady State Space

@ H"*! is a non-complete manifold, being only half of the de Sitter
space and having as boundary the null hypersurface

Lo = {x € ST : (x,a) = 0}.
@ |t admits a foliation by totally umbilical spacelike hypersurfaces
L, ={xeSi™:(x,ay=71}, 7>0
with constant mean curvature one with respect to N.(x) = x —

considering H = —Ltr(A).

n

1

1
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What about constant mean curvature hypersurfaces?

* Goddard (1977) conjectured that the only complete spacelike
hypersurfaces in S’l’+1 with constant mean curvature are the totally
umbilical spacelike hypersurfaces.
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What about constant mean curvature hypersurfaces?

* Goddard (1977) conjectured that the only complete spacelike
hypersurfaces in S’l’+1 with constant mean curvature are the totally
umbilical spacelike hypersurfaces.

* If X" is a complete, constant mean curvature spacelike hypersurface
in ST, and H satisfies H? < 4(n —1)/n?, if n > 2, or H? < 1, if
n =2, then X" is totally umbilical. (Akutagawa, 1987).
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What about constant mean curvature hypersurfaces?

* Goddard (1977) conjectured that the only complete spacelike
hypersurfaces in S’l’+1 with constant mean curvature are the totally
umbilical spacelike hypersurfaces.

* If X" is a complete, constant mean curvature spacelike hypersurface
in ST, and H satisfies H? < 4(n —1)/n?, if n > 2, or H? < 1, if
n =2, then X" is totally umbilical. (Akutagawa, 1987).

* If X" is a compact, constant mean curvature spacelike hypersurface
in Sf“, then ¥ is, necessarily, a totally umbilical spacelike
hypersurface, (Montiel, 1988).
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What about constant mean curvature hypersurfaces?

* Goddard (1977) conjectured that the only complete spacelike
hypersurfaces in S’l’+1 with constant mean curvature are the totally
umbilical spacelike hypersurfaces.

* If X" is a complete, constant mean curvature spacelike hypersurface
in ST, and H satisfies H? < 4(n —1)/n?, if n > 2, or H? < 1, if
n =2, then X" is totally umbilical. (Akutagawa, 1987).

* If X" is a compact, constant mean curvature spacelike hypersurface
in Sf“, then ¥ is, necessarily, a totally umbilical spacelike
hypersurface, (Montiel, 1988).

* There exist complete, non-compact and non-totally umbilical
spacelike hypersurfaces, with constant mean curvature H?> > 1 in
H"tL, (Montiel, 2003).
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@ A spacelike hypersurface is said to be contained in a slab if there
exist 0 < 71 < 7 such that

f(zn) - Q(Tl,TQ) = {X e H™ 1 < <X7 a) < 7'2}.
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@ A spacelike hypersurface is said to be contained in a slab if there
exist 0 < 71 < 7 such that

f(zn) - Q(Tl,TQ) = {X e H™ 1 < <X7 a) < 7'2}.

@ For a spacelike hypersurface f : " —H""! we define u € C*(X) as

u(p) = (f(p), a), p € X.
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@ A spacelike hypersurface is said to be contained in a slab if there
exist 0 < 71 < 7 such that

f(zn) - Q(Tl,TQ) = {X e H™ 1 < <X7 a) < 7'2}.

@ For a spacelike hypersurface f : " —H""! we define u € C*(X) as
u(p) = (f(p), a), p € X.
@ It is not difficult to obtain
Vu=a', Au=nH(N,a) — nu

IVull? = (N, a)% — 2

where a=a' — (N,a)N + (a,x)x and || - || denotes the norm of a
vector field on X.
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@ In order to prove our main results, we will apply the Omori-Yau
maximum principle.

Lemma 1 (Omori-Yau maximum principle)

Let M be a complete Riemannian manifold whose Ricci curvature is
bounded from below. If u € C°°(M) is bounded from above on M then
there exists a sequence of points {p; € M} such that

im_u(py) = supu.,  [|[Vu(p)| <1/j and Au(p;) < 1/i

Jj—o0
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@ In order to prove our main results, we will apply the Omori-Yau
maximum principle.

Lemma 1 (Omori-Yau maximum principle)

Let M be a complete Riemannian manifold whose Ricci curvature is
bounded from below. If u € C°°(M) is bounded from above on M then
there exists a sequence of points {p; € M} such that

im_u(py) = supu, [ Vu(p)]| <1/j and Au(p) <1/,

Jj—o0

@ A Riemannian manifold is called parabolic if any subharmonic
function bounded from above on the manifold is constant. Or,
equivalently, if any superharmonic function bounded from below is
constant.
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@ In order to prove our main results, we will apply the Omori-Yau
maximum principle.

Lemma 1 (Omori-Yau maximum principle)

Let M be a complete Riemannian manifold whose Ricci curvature is
bounded from below. If u € C*°(M) is bounded from above on M then
there exists a sequence of points {p; € M} such that

lim u(p;) = e [Vu(p)ll <1/j and Au(p;) <1/j.

Jj—o0

@ A Riemannian manifold is called parabolic if any subharmonic
function bounded from above on the manifold is constant. Or,
equivalently, if any superharmonic function bounded from below is
constant.

o Parabolicity Criterium (Ahlfors and Blanc-Fiala-Huber)

Any complete Riemannian surface with non-negative Gaussian
curvature is parabolic.
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CMC spacelike hypersurfaces in H"*!

Proposition

Let f : ¥"—H"*! be a complete constant mean curvature spacelike
hypersurface contained in a slab Q(7y,7;) for some 0 < 74 < 7. Then
H =1 necessarily. Moreover, in the 2-dimensional case, there exists 7*,
71 < 7 < 75 such that ¥2 = L.
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CMC spacelike hypersurfaces in H"*!

Proposition

Let f : ¥"—H"*! be a complete constant mean curvature spacelike
hypersurface contained in a slab Q(7y,7;) for some 0 < 74 < 7. Then
H =1 necessarily. Moreover, in the 2-dimensional case, there exists 7*,
71 < 7 < 75 such that ¥2 = L.

o Proof of Proposition

* By Gauss equation for a spacelike hypersurface,

n? H?
4 ’

Ric(X,X) > (n—1) —

where X € TYL, || X| = 1.
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CMC spacelike hypersurfaces in H"*!

Proposition

Let f : ¥"—H"*! be a complete constant mean curvature spacelike
hypersurface contained in a slab Q(7y,7;) for some 0 < 74 < 7. Then
H =1 necessarily. Moreover, in the 2-dimensional case, there exists 7*,
71 < 7 < 75 such that ¥2 = L.

o Proof of Proposition

* By Gauss equation for a spacelike hypersurface,

n? H?
4 ’

Ric(X,X) > (n—1) —

where X € TYL, || X| = 1.

* As the function u is bounded, we can apply Lemma 1. There exists
a sequence {p;} € X" such that

i el = Supul < 7 IVu(py)I? = (N, a)* — u*)(p)) < (1/4)°

J—o0

Au(p;) = n(H(N, a) — u)(p;) < 1/j.
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Proof of Proposition

* Taking limits when j—o0, we get H < 1.
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Proof of Proposition

* Taking limits when j—o0, we get H < 1.

* In an analogue way, applying Lemma 1 to —u, H > 1.
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Proof of Proposition

* Taking limits when j—o0, we get H < 1.
* In an analogue way, applying Lemma 1 to —u, H > 1.

* Therefore, H = 1.
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Proof of Proposition

>

Taking limits when j—o0, we get H < 1.
* In an analogue way, applying Lemma 1 to —u, H > 1.

* Therefore, H = 1.

* Assume now n = 2. By a result of Akutagawa (1977), X must be
totally umbilical. The only totally umbilical spacelike hypersurfaces
with constant mean curvature H = 1 are the leaves of the foliation
L.
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An isometrically equivalent model

An isometric model

Consider the generalized Robertson-Walker spacetime —R x . R”, that is,
R™! endowed with the Lorentzian metric

(,) = —dt? + e (dx? + ... + dx?)

being (t,x1, ..., Xn) the canonical coordinates in R
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An isometrically equivalent model

An isometric model

Consider the generalized Robertson-Walker spacetime —R x . R”, that is,
R™! endowed with the Lorentzian metric

(,) = —dt? + e (dx? + ... + dx?)

being (t,x1, ..., Xn) the canonical coordinates in R

e Montiel (2003) gave an explicit isometry between H"*! and the
upper half-space model for this space. With the help of this
isometry, we make the following construction:
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An isometrically equivalent model

An isometric model

Consider the generalized Robertson-Walker spacetime —R x . R”, that is,
R™! endowed with the Lorentzian metric

(,) = —dt? + e (dx? + ... + dx?)

being (t,x1, ..., Xn) the canonical coordinates in R

e Montiel (2003) gave an explicit isometry between H"*! and the
upper half-space model for this space. With the help of this
isometry, we make the following construction:

o Take b € R{*? another null vector such that (a, b) = 1 and consider
O H"— — R xq R” given by

x — (x,a)b— (x, b>a)'

000 = (logl(x,), =72

Alma L. Albujer, Luis J. Alias CMC spacelike hypersurfaces in Lorentzian spaces



An isometrically equivalent model

An isometric model

Consider the generalized Robertson-Walker spacetime —R x . R”, that is,
R™! endowed with the Lorentzian metric

(,) = —dt? + e (dx? + ... + dx?)

being (t,x1, ..., Xn) the canonical coordinates in R

e Montiel (2003) gave an explicit isometry between H"*! and the
upper half-space model for this space. With the help of this
isometry, we make the following construction:

o Take b € R{*? another null vector such that (a, b) = 1 and consider
O H"— — R xq R” given by

d(x) = (lOg(<X,a>)7 X = {x ?iba> (x, b>a) '

@ ® is an isometry between ™! and —R x.: R" which conserves
time orientation.
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A generalized Robertson-Walker spacetime
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A generalized Robertson-Walker spacetime

e Let (M",(,)) be a connected Riemannian hypersurface.
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A generalized Robertson-Walker spacetime

e Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),
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A generalized Robertson-Walker spacetime

e Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),

@ This Lorentzian manifold will be denoted by —R x .. M".
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A generalized Robertson-Walker spacetime

e Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),

@ This Lorentzian manifold will be denoted by —R x .. M".

o Let f: X"——R X M" be a spacelike hypersurface.
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A generalized Robertson-Walker spacetime
e Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),

@ This Lorentzian manifold will be denoted by —R x .. M".

o Let f: X"——R X M" be a spacelike hypersurface.

o T = {, is a unitary timelike vector field globally defined on
-R X et m"
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A generalized Robertson-Walker spacetime
e Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),

@ This Lorentzian manifold will be denoted by —R x .. M".

o Let f: X"——R X M" be a spacelike hypersurface.

o T = {, is a unitary timelike vector field globally defined on
-R X et m"

o —R x. M" is time-orientable.

o There exists N € X*(X) a unique unitary timelike normal vector
field globally defined on X such that

(T,N)y < —1.
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A generalized Robertson-Walker spacetime
@ Let (M",(,)) be a connected Riemannian hypersurface.
o Consider the product manifold R x M" endowed with the metric

(,) = —dt* + (),

@ This Lorentzian manifold will be denoted by —R x .. M".

o Let f: X"——R X M" be a spacelike hypersurface.

o T = {, is a unitary timelike vector field globally defined on
-R X et m"

o —R X, M" is time-orientable.

o There exists N € X*(X) a unique unitary timelike normal vector
field globally defined on ¥ such that

o = (T,N).
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@ The height function of the hypersurface X", h: ¥ — R is defined as

h:’/T]ROf.
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@ The height function of the hypersurface X", h: ¥ — R is defined as
b= TR © f.

@ A spacelike hypersurface is called a slice when h is constant; or
equivalently, when © = —1. In this case

f():”) = {to} X M”, th eR

My,

{to}
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@ The height function of the hypersurface X", h: ¥ — R is defined as
b= TR © f.

@ A spacelike hypersurface is called a slice when h is constant; or
equivalently, when © = —1. In this case

f():”) = {to} X M”, th eR

@ These slices determine a foliation of —R X M" by totally umbilical
spacelike hypersurfaces of constant mean curvature H = 1.
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The height function of the hypersurface X", h: ¥ — R is defined as
b= TR © f.

A spacelike hypersurface is called a slice when h is constant; or
equivalently, when © = —1. In this case

F(E") ={to} xM", L eR
These slices determine a foliation of —R x .« M" by totally umbilical
spacelike hypersurfaces of constant mean curvature H = 1.

In the particular case when M" = R", the functions u and h are
related by

h(p) = log u(®~*(f(p))), PEZ.
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The height function of the hypersurface X", h: ¥ — R is defined as
b= TR © f.

A spacelike hypersurface is called a slice when h is constant; or
equivalently, when © = —1. In this case

f():”) = {to} X M”, th eR

These slices determine a foliation of —R x .« M" by totally umbilical
spacelike hypersurfaces of constant mean curvature H = 1.

In the particular case when M" = R", the functions u and h are
related by

h(p) = log u(®~*(f(p))), PEZ.
H™ & —Rx«R”

L, < {log(m)} x R"
u=1 <  h=log(mn)
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CMC spacelike hypersurfaces in —R X« M"

@ A spacelike hypersurface is contained in a slab if there exist two real
numbers t; < t, such that

f(Z") CQts, ) = {(t,x) € "R xee M": ty < t < 1o}
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CMC spacelike hypersurfaces in —R X« M"

@ A spacelike hypersurface is contained in a slab if there exist two real
numbers t; < t, such that

f(Z") CQts, ) = {(t,x) € "R xee M": ty < t < 1o}

Let M" be a Riemannian manifold. If —R x. M" admits a complete
spacelike hypersurface f : ¥"——R x . M", contained in a slab Q(t;, t2)
for some t; < tp, then M is necessarily complete and the projection
MN=myof:¥X—M is a covering map.
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CMC spacelike hypersurfaces in —R X« M"

@ A spacelike hypersurface is contained in a slab if there exist two real
numbers t; < t, such that

f(Z") CQts, ) = {(t,x) € "R xee M": ty < t < 1o}

Let M" be a Riemannian manifold. If —R x. M" admits a complete
spacelike hypersurface f : ¥"——R x . M", contained in a slab Q(t;, t2)
for some t; < tp, then M is necessarily complete and the projection
MN=myof:¥X—M is a covering map.

@ The following result generalizes Proposition,

CMC spacelike hypersurfaces in Lorentzian spaces
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CMC spacelike hypersurfaces in —R X« M"

Let M" be a (necessarily complete) Riemannian manifold with non
negative sectional curvature Ky, that is Ky (1) > 0 for every tangent
plane M C TM. Let f : ¥"—=—R X M" be a complete constant mean
curvature spacelike hypersurface contained in a slab Q(t, t2) for some
t;1 < tp. Then H = 1 necessarily. Moreover, when n =2, ¥ is a slice.
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CMC spacelike hypersurfaces in —R X« M"

Let M" be a (necessarily complete) Riemannian manifold with non
negative sectional curvature Ky, that is Ky (1) > 0 for every tangent
plane M C TM. Let f : ¥"—=—R X M" be a complete constant mean
curvature spacelike hypersurface contained in a slab Q(t, t2) for some
t;1 < tp. Then H = 1 necessarily. Moreover, when n =2, ¥ is a slice.

@ Proof of Theorem
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CMC spacelike hypersurfaces in —R X« M"

Let M" be a (necessarily complete) Riemannian manifold with non
negative sectional curvature Ky, that is Ky (1) > 0 for every tangent
plane M C TM. Let f : ¥"—=—R X M" be a complete constant mean
curvature spacelike hypersurface contained in a slab Q(t, t2) for some
t;1 < tp. Then H = 1 necessarily. Moreover, when n =2, ¥ is a slice.

@ Proof of Theorem

* Let {Ey,...E,} be an orthonormal frame on TX, and X € TL,
||IX|| = 1. The Ricci curvature tensor of " can be written in terms
of the sectional curvature of M" as

2142

Ric(X, X) > €23 Ku(X* A E)Qu(X* A Ef) — ©
i=1

+n—-1

where Qu(X AY) = (X, X), (Y, Y)y — (X, Yﬁw

Alma L. Albujer, Luis J. Alias CMC spacelike hypersurfaces in Lorentzian spaces



Proof of Theorem

* Therefore Ric is bounded from below. As the height function is
bounded from above, we can apply Lemma 1 (Omori-Yau principle)
to h.
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Proof of Theorem

* Therefore Ric is bounded from below. As the height function is
bounded from above, we can apply Lemma 1 (Omori-Yau principle)
to h.

* There exists a sequence {p;} € X" such that,

lim_h(pj) = suph < t2, [IVh(p)ll = O(p)* —1 < (1/5)°

j—oo

Ah(p;) = —nHO(p;) — (n + [V h(p)I?) <1/
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Proof of Theorem

* Therefore Ric is bounded from below. As the height function is
bounded from above, we can apply Lemma 1 (Omori-Yau principle)
to h.

* There exists a sequence {p;} € X" such that,

lim_h(pj) = suph < t2, [IVh(p)ll = O(p)* —1 < (1/5)°

Ah(p;) = —nHO(p;) — (n + [V h(p)I?) <1/

* As limj— . ©(p;) = —1, taking limits in the last expression we get
H<1.
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Proof of Theorem

* Therefore Ric is bounded from below. As the height function is
bounded from above, we can apply Lemma 1 (Omori-Yau principle)
to h.

* There exists a sequence {p;} € X" such that,

lim_h(pj) = suph < t2, [IVh(p)ll = O(p)* —1 < (1/5)°

Ah(p;) = —nHO(p;) — (n + [V h(p)I?) <1/

* As limj— . ©(p;) = —1, taking limits in the last expression we get
H<1.

* In an analogue way, applying the Omori-Yau maximum principle to
—h, H > 1. Therefore, H = 1.
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Proof of Theorem

* Assume now n = 2. The sectional curvature in —R xo M2, K, is
written in terms of the Gaussian curvature of M along ¥, Ky, as

— KM
K= ﬁ(1+ [Vh|?) + 1.
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Proof of Theorem

* Assume now n = 2. The sectional curvature in —R xo M2, K, is
written in terms of the Gaussian curvature of M along ¥, Ky, as

— KM
K = ﬁ(1 + ||V h|?) + 1.
* Then, the Gauss equation becomes

KM ]_
K=+ IVh|1%) + 5\\AII2 _oH?2 41
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Proof of Theorem

* Assume now n = 2. The sectional curvature in —R xo M2, K, is
written in terms of the Gaussian curvature of M along ¥, Ky, as

— KM
K= ﬁ(1+ [Vh|?) + 1.
* Then, the Gauss equation becomes
K=" 4 1VAI2) + SIAJR = 2H2 + 1
 e?h 2

* By Cauchy-Schwarz inequality ||A|> > 2H?, and H =1. So K > 0.
Therefore X is parabolic.
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Proof of Theorem

* Assume now n = 2. The sectional curvature in —R xo M2, K, is
written in terms of the Gaussian curvature of M along ¥, Ky, as

— KM
K= ﬁ(1+ [Vh|?) + 1.
* Then, the Gauss equation becomes
K=" 4 1VAI2) + SIAJR = 2H2 + 1
 e?h 2

* By Cauchy-Schwarz inequality ||A|> > 2H?, and H =1. So K > 0.
Therefore X is parabolic.

* The height function verifies
Ah=—(0+1)><0

so it is a superharmonic function bounded from below.
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Proof of Theorem

* Assume now n = 2. The sectional curvature in —R xo M2, K, is
written in terms of the Gaussian curvature of M along ¥, Ky, as

— KM
K= ﬁ(1+ [Vh|?) + 1.
* Then, the Gauss equation becomes
K=" 4 1VAI2) + SIAJR = 2H2 + 1
 e?h 2

* By Cauchy-Schwarz inequality ||A|> > 2H?, and H =1. So K > 0.
Therefore X is parabolic.

* The height function verifies
Ah=—(0+1)><0
so it is a superharmonic function bounded from below.

* By the parabolicity of ¥, h is constant, being X a slice.
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In Theorem, we have proved something stronger: Let f : X"—=M" X Ry
be a complete spacelike hypersurface such that the height function is
bounded from above on ¥, then infy H < 1. When the height function is
bounded from below, sups H > 1.
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In Theorem, we have proved something stronger: Let f : X"—=M" X Ry
be a complete spacelike hypersurface such that the height function is
bounded from above on ¥, then infy H < 1. When the height function is
bounded from below, sups H > 1.

| A

Corollary 1

Let M? be a Riemannian surface with non negative Gaussian curvature.
The only complete spacelike surfaces f : ¥2— — R X M? with constant
mean curvature H < 1 bounded from below are the slices {t*} x M.
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In Theorem, we have proved something stronger: Let f : X"—=M" X Ry
be a complete spacelike hypersurface such that the height function is
bounded from above on ¥, then infy H < 1. When the height function is
bounded from below, sups H > 1.

Corollary 1

| A

Let M? be a Riemannian surface with non negative Gaussian curvature.
The only complete spacelike surfaces f : ¥2— — R x o M? with constant
mean curvature H < 1 bounded from below are the slices {t*} x M.

Corollary 2

Let M? be a (necessarily complete) Riemannian surface with non
negative Gaussian curvature. The only complete spacelike surfaces
F:¥? >R X ot M? with constant mean curvature H > 1 bounded from
above are the slices {t*} x MZ.

\
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@ Proof of Corollary 2
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+x From Remark H =1, and ¥2isa parabolic surface.
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@ Proof of Corollary 2
+x From Remark H =1, and ¥2isa parabolic surface.

* Consider the smooth function e € C°°(X),

Ael = —2e"(1+0©) >0.
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Proof of Corollary 2

From Remark H =1, and ¥2isa parabolic surface.

*

* Consider the smooth function e € C°°(X),
Ael = —2e"(1+0©) >0.

% €M is a subharmonic function bounded from above, so by the

parabolicity of ¥ it is constant.
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From Remark H =1, and ¥2isa parabolic surface.

*

* Consider the smooth function e € C°°(X),

Ael = —2e"(1+0©) >0.

% €M is a subharmonic function bounded from above, so by the

parabolicity of ¥ it is constant.

* Then h is also constant and X is a slice.
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Proof of Corollary 2

From Remark H =1, and ¥2isa parabolic surface.

*

* Consider the smooth function e € C°°(X),

Ael = —2e"(1+0©) >0.

% €M is a subharmonic function bounded from above, so by the

parabolicity of ¥ it is constant.

* Then h is also constant and X is a slice.

Thanks!!
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