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The length of a piecewise smooth curve : [a,b] C R — M with
respect to the Finsler structure F' is defined by

The distance between two arbitrary points p, ¢ € M is given by

dist(p,q) = inf L(v),

v€C(p,q)

where C(p, q) is the set of all piecewise smooth curves ~: |a,b] —
R with y(a) = p and v(b) = q.
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A geodesic v: [a,b) — M is forward complete if it can be ex-
tended, as a geodesic, to the interval [a, +0)
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tended, as a geodesic, to the interval (—o0, a]
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m L =MXR, Misendowed with a Riemannian metric gg
m O is a vector field on M
m (3 is a positive function on M

m the Lorentzian metric [ on L is given by

U2, )y, 7), (y: )] = go(2)[y, y] +2g0(2) [0 (), y)7 — Bla) T2,

for any (z,t) € M xR and (y,7) € T, M x R
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m it is an oriented space-time with the timelike Killing vector
field 5’t
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The Fermat principle

Among all lightlike curves connecting some event p with some timelike curve v,
lightlike geodesics are, up to reparameterizations, critical points of the arrival

time, that is, the parameter of the timelike curve in the point where the lightlike
curve meets it, Kovner 1990
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lightlike geodesics are, up to reparameterizations, critical points of the arrival

time, that is, the parameter of the timelike curve in the point where the lightlike
curve meets it, Kovner 1990

For a standard stationary lorentzian manifold, Perlick 1990:
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Among all lightlike curves connecting some event p with some timelike curve v,
lightlike geodesics are, up to reparameterizations, critical points of the arrival

time, that is, the parameter of the timelike curve in the point where the lightlike
curve meets it, Kovner 1990

For a standard stationary lorentzian manifold, Perlick 1990: lightlike curves
(x(s),t(s)) has to satisfy:

go(@)[, &] + 2g0(2)[0(2), &]t — B(x)i* = 0,
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The Fermat principle

Among all lightlike curves connecting some event p with some timelike curve v,
lightlike geodesics are, up to reparameterizations, critical points of the arrival

time, that is, the parameter of the timelike curve in the point where the lightlike
curve meets it, Kovner 1990

For a standard stationary lorentzian manifold, Perlick 1990: lightlike curves
(x(s),t(s)) has to satisfy:

go(@)[, &] + 2g0(2)[0(2), &]t — B(x)i* = 0,

solving with respect to ¢ and integrating, we get:

) = oo S(ﬁ,)go(x)w ]+ VO, 7+ B >[°,:t1)dv
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The Fermat principle

Thus lightlike geodesics (Z(s),t(s)) connecting the event (zg,00) € L with
the timelike curve p € R — (x1,0) € L are reparameterizations of the curves
(x(s),t(s)) such that x(s) is a critical point of the functional

I(x) = 00 + L(x), (2)

where
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The Fermat principle

Thus lightlike geodesics (Z(s),t(s)) connecting the event (zg,00) € L with
the timelike curve p € R — (x1,0) € L are reparameterizations of the curves
(x(s),t(s)) such that x(s) is a critical point of the functional

I(x) = 00 + L(x), (2)

where

L —
L) - | (%gm)[a( i)+ V@) 3 T Aog <>[as,x1) v,

and t(s) is given by (1).
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Overview ] I_et Po — (:CO) tO) < L

Finsler metrics

The Fermat metric u C+ (p(), M) — USE[O,/,L) B;_ (:CO) X {to + S}

Global hyperbolicity _

and completeness of ] _( ) — B_ (ZU ) X {t — S}
the Fermat metric C pO’ 'LL USE[O:M) S 0 0 '
A characterization of

global hyperbolicity

Completeness of the Theorem 1 Let (L,l) be a standard stationary Lorentzian man-

Fermat metric and

Lorentzian geodesics  jfold and let t € R. Then the following properties are equivalent:

References
(a) (L,1) is globally hyperbolic with Cauchy surface S = M x {t},
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A characterization of global hyperbolicity

Overview ] I_et Po — (:CO) tO) < L

Finsler metrics

The Fermat metric u C+ (p(); ,u) — USE[ ) B;—( ) {to _|_ S}
Global hyperbolicity _

d let f - — —
and completenessof w0 C™ (po, 1) = Usepo,) Bs (20) X {to — s},
A characterization of
global hyperbolicity

Semppl e of i Theorem 1 Let (L,l) be a standard stationary Lorentzian man-

Fermat metric and

Lorentzian geodesics  jfold and let t € R. Then the following properties are equivalent:

References
(a) (L,1) is globally hyperbolic with Cauchy surface S = M x {t},

(b) the Fermat metric on M is forward complete,
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A characterization of global hyperbolicity

Overview ] I_et Po — (:CO) tO) < L

Finsler metrics

The Fermat metric u C+ (p(), M) — USE[O,/,L) B;_ (:CO) X {to + S}
Global hyperbolicity _

d let f - — - —
ind compietencssof w0 G (po, 1) = Usseqo ) Bs (x0) % {to — s},
A characterization of
global hyperbolicity

Completeness of the Theorem 1 Let (L,l) be a standard stationary Lorentzian man-

Fermat metric and

Lorentzian geodesics  jfold and let t € R. Then the following properties are equivalent:

References
(a) (L,1) is globally hyperbolic with Cauchy surface S = M x {t},

(b) the Fermat metric on M is forward complete,

(c) J"(po) = C*(po,+o0) and J~ (py) = C (po, +00) for every
po = (x0,t0) € L, and the balls B} (xq) are compact.
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A characterization of global hyperbolicity

In the statement of Theorem 1 forward can be replaced by back-
ward and the compactness of the forward balls by that of the

backward ones.
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A characterization of global hyperbolicity

In the statement of Theorem 1 forward can be replaced by back-
ward and the compactness of the forward balls by that of the
backward ones.

Therefore for the Fermat metric any of the two completeness con-
ditions implies the other.
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A characterization of global hyperbolicity

We observe that any Randers metric is forward and backward if

the Riemannian metric (M, h) is complete and

lw]l: = sup |lw|z <1,
xeM
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A characterization of global hyperbolicity

We observe that any Randers metric is forward and backward if
the Riemannian metric (M, h) is complete and

lw]l: = sup |lw|z <1,
xeM

For the Fermat metric, using the Cauchy-Schwarz inequality,
90(y, ) > go(8,y)2/|6]3, we obtain that ||wl|| < 1 if

5@
veit v/10(@) + B()
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A characterization of global hyperbolicity

We observe that any Randers metric is forward and backward if
the Riemannian metric (M, h) is complete and

lw]l: = sup |lw|z <1,
xeM

For the Fermat metric,
90(y,y) = g0(6,y)?/|0

using the Cauchy-Schwarz inequality,
2, we obtain that |lw|| < 1 if

5()lo 1
vt VP@R B

Therefore the Fermat metric is complete and by Theorem 1 the
spacetime is globally hyperbolic if

B(x) Lgo is complete and inf Lx)‘ > 0
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Geodesics connectedness

A result by Candela, Flores, and Sanchez 2006 can be restated as follows:
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Geodesics connectedness

A result by Candela, Flores, and Sanchez 2006 can be restated as follows:

a standard stationary Lorentzian manifold, such that the Riemannian metric
(M, go) is complete and the Fermat metric (M, F') is forward or backward
complete, is geodesically connected.
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Geodesics connectedness

A result by Candela, Flores, and Sanchez 2006 can be restated as follows:

a standard stationary Lorentzian manifold, such that the Riemannian metric
(M, go) is complete and the Fermat metric (M, F') is forward or backward
complete, is geodesically connected.

In a recent paper Bartolo, Candela, and Flores 2006 show that the assumptions
6(2)|3 < eydistd(x, 0) + c2 B(x) < c3disti(x, z0) + ¢4

are optimal for the applications of variational methods on the problem of
geodesic connectedness of a standard stationary Lorentzian manifold. They
provide a fine counterexample where |§]? has superquadratic growth. The Fer-
mat metric in their example is not forward complete.
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Lightlike geodesics
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Lightlike geodesics

In a conformal standard stationary Lorentzian manifold, such that (M, F) is
forward or backward complete, and M is non-contractible, there exist infinitely
many lightlike geodesics v, = (xy, t,,) joining the point (&, 0g) with the curve
v(0) = (Z, 0) and having arrival time (see (2)) I(x,) — +00, as n — oo.
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Lightlike geodesics

In a conformal standard stationary Lorentzian manifold, such that (M, F) is
forward or backward complete, and M is non-contractible, there exist infinitely
many lightlike geodesics v, = (xy, t,,) joining the point (&, 0g) with the curve
v(0) = (Z, 0) and having arrival time (see (2)) I(x,) — +00, as n — oo.

Piccione 1997 introduced the following notion of compactness on the set of
lightlike curves between a point and an integral line of the field 0;:
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Lightlike geodesics

In a conformal standard stationary Lorentzian manifold, such that (M, F) is
forward or backward complete, and M is non-contractible, there exist infinitely
many lightlike geodesics v, = (xy, t,,) joining the point (&, 0g) with the curve
v(0) = (Z, 0) and having arrival time (see (2)) I(x,) — +00, as n — oo.

Piccione 1997 introduced the following notion of compactness on the set of
lightlike curves between a point and an integral line of the field 0;:

let C' € R be a positive constant and let £,,,, C H'(]0,1], M) x H'(]0, 1], R)
be the manifold of curves such that [[2,Z2] = 0 a. e., z is future pointing
a. e. on [0,1], 2(0) = p and 2(1) € v(R). L,, is said C-precompact if
every sequence {2 = (Tk,tk)}ken C Lpo such that I(xg) < C admits a
subsequence converging uniformly, up to reparameterization, in L.
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Lightlike geodesic

O Assuming C'-precompactness, for every C', of the space of lightlike
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Lightlike geodesic

O Assuming C'-precompactness, for every C', of the space of lightlike

Finsler metrics curves connecting an event p to the world-line v and assuming that
- M is non-contractible, Piccione proved existence of infinitely many

Global hyperbolicity ] . . )

and completeness of lightlike geodesics connecting p to v.

the Fermat metric

The Fermat metric

Completeness of the
Fermat metric and
Lorentzian geodesics

Geodesics Theorem 2 Let (L,l) be a standard stationary Lorentzian man-

connectedness

ifold, p € L and v = v(p) an integral line of the vector field 0.
Timelike geodesic The Condition

References

m L, is C-precompact for every C' > 0 and for every p and v
in M

Is equivalent to forward or backward completeness of the Fermat

metric.
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Timelike geodesic

The Fermat metric on a one dimensional higher Riemannian manifold can be
used to prove existence, multiplicity and finitness results for timelike geodesics
with fixed energy in a Lorentzian standard stationary manifold.
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Timelike geodesic

The Fermat metric on a one dimensional higher Riemannian manifold can be
used to prove existence, multiplicity and finitness results for timelike geodesics
with fixed energy in a Lorentzian standard stationary manifold.

We seek for timelike geodesics v parameterized on a given interval |a, ], con-
necting a point (g, 09) € L with a timelike curve o € R — (x1,0) C L and
having a priori fixed energy 1(v(s))[¥(s),%(s)] = —F < 0, for all s € [a, b].

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 25 / 31



Timelike geodesic

The Fermat metric on a one dimensional higher Riemannian manifold can be
used to prove existence, multiplicity and finitness results for timelike geodesics
with fixed energy in a Lorentzian standard stationary manifold.

We seek for timelike geodesics v parameterized on a given interval |a, ], con-
necting a point (g, 09) € L with a timelike curve o € R — (x1,0) C L and
having a priori fixed energy 1(v(s))[¥(s),%(s)] = —F < 0, for all s € [a, b].

We extend the Riemannian manifold M to the manifold N = M x IR endowed
with the metric n = go + du® where w is the natural coordinate on R.
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Timelike geodesic

The Fermat metric on a one dimensional higher Riemannian manifold can be
used to prove existence, multiplicity and finitness results for timelike geodesics
with fixed energy in a Lorentzian standard stationary manifold.

We seek for timelike geodesics v parameterized on a given interval |a, ], con-
necting a point (g, 09) € L with a timelike curve o € R — (x1,0) C L and
having a priori fixed energy 1(v(s))[¥(s),%(s)] = —F < 0, for all s € [a, b].

We extend the Riemannian manifold M to the manifold N = M x IR endowed
with the metric n = go + du® where w is the natural coordinate on R.

We associate to the manifold NV a one-dimensional higher Lorentzian manifold
(N,n), with the metric n defined as

7_2(56, u, t)[(yv v, 7_)7 (yv v, 7_)] — gO(x)[yv y] + U2 + 290(56)[5(33)7 y]T _ ﬁ(CI})TZ.
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Timelike geodesic

Lightlike geodesics for the metric n satisfy the following equation

gol&, &] + 2900, &)t — Bt = —u? = const.
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Timelike geodesic

Lightlike geodesics for the metric n satisfy the following equation

gol&, &] + 2900, &)t — Bt = —u? = const.

Thus in order to find timelike geodesics v = (x,¢) in (L,l) with fixed energy
—F < 0 it is enough to find lightlike geodesics in (N, n) whose u component
has derivative equal to VE.

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 26 / 31



Timelike geodesic

Lightlike geodesics for the metric n satisfy the following equation

gol&, &] + 2900, &)t — Bt = —u? = const.

Thus in order to find timelike geodesics v = (x,¢) in (L,l) with fixed energy
—F < 0 it is enough to find lightlike geodesics in (N, n) whose u component
has derivative equal to VE.

The Fermat metric associated to the manifold (N, n) is given by

F(.w). (5:0)) = || 575 60l 91+ %) + 5s3000(0). 2+ 5= 0l0(). )

for all ((x,u), (y,v)) € TN.
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Timelike geodesic

The following improves some results of
Bartolo, Germinario, and Sanchez 2002 and Germinario 2006

Theorem 3 Let (L,l) be a standard stationary Lorentzian man-
ifold, such that (M, F') is forward or backward complete, and
M is non-contractible, then there exist infinitely many timelike
geodesics v, = (xn,t,) connecting the point (xg,00) € L with
the timelike curve v(p) = (x1,0), parameterized on the interval
la, b], having fixed energy —E and diverging arrival time.

slide 27 / 31



Overview

Finsler metrics

The Fermat metric

Global hyperbolicity
and completeness of
the Fermat metric

Completeness of the
Fermat metric and
Lorentzian geodesics

References

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 28 / 31



Overview

Finsler metrics

The Fermat metric

Global hyperbolicity
and completeness of
the Fermat metric

Completeness of the
Fermat metric and
Lorentzian geodesics

References

References

F. W. Warner. The conjugate locus of a Riemannian manifold.
Amer. J. Math., 87:575-604, 1965

A. B. Katok. Ergodic perturbations of degenerate integrable

Hamiltonian systems. /zs. Akad. Nauk SSSR Ser. MAT., 37, 539—
576. Engl. trans. Math. USSR Izv., 7:535-572, 1973

V. Bangert. On the existence of closed geodesics on two-spheres.
Int. J. Math., 4(1):1-10, 1993

J. Franks. Geodesics on S? and periodic points of annulus home-
omorphisms. Invent. Math., 108(2):403-418, 1992

G. Randers. On an asymmetrical metric in the fourspace of General
Relativity. Phys. Rev. (2), 59:195-199, 1941

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 29 / 31



References

Overview G. S. Asanov. Finsler Geometry, Relativity and Gauge Theories.
Finsler metrics _ Fundamental Theories of Physics. D. Reidel Publishing Co., Dor-
The Fermat metric dreCht, 1985

Global hyperbolicity
and completeness of

the Fermat metric |. Kovner. Fermat principles for arbitrary space-times. Astrophys-
Completeness of the ical Journal, 351:114-120, 1990

Fermat metric and
Lorentzian geodesics

V. Perlick. On Fermat’s principle in General Relativity. |. The
general case. Classical Quantum Gravity, 7(8):1319-1331, 1990

A. M. Candela, J. L. Flores, and M. Sanchez. Global
hyperbolicity and  Palais-Smale  condition  for  action
functionals in  stationary spacetimes, 2006. URL
http://arxiv.org/math.DG/0610175 ki

References

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 30 / 31


http://arxiv.org/math.DG/0610175

Overview

Finsler metrics

The Fermat metric

Global hyperbolicity
and completeness of
the Fermat metric

Completeness of the
Fermat metric and
Lorentzian geodesics

References

References

R. Bartolo, A.M. Candela, and J.L. Flores. Geodesic connectedness
of stationary spacetimes with optimal growth. J. Geom. Phys., 56

(10):2025-2038, 2006

P. Piccione. On the existence of light-like geodesics on conformally
stationary Lorentzian manifolds. Nonlinear Anal., 28(4):611-623,
1997

R. Bartolo, A. Germinario, and M. Sanchez. A note on the bound-
ary of a static Lorentzian manifold. Differ. Geom. Appl., 16(2):
121-131, 2002

A. Germinario. Geodesics in stationary spacetime and classical
Lagrangian systems, J. Diff. Eq. to apperar, 2006

IV International Meeting on Lorentzian Geometry, Santiago de Compostela, 5 — 8 February '07 slide 31 / 31



	Overview
	Finsler metrics
	Definition
	
	
	Finsler geometry as Riemannian geometry
	Finsler geometry as Riemannian geometry
	Finsler geometry vs Riemannian geometry
	Finsler geometry vs Riemannian geometry
	Finsler geometry vs Riemannian geometry
	Randers metric

	The Fermat metric
	Standard stationary Lorentzian manifold
	The Fermat principle
	The Fermat principle

	Global hyperbolicity and completeness of the Fermat metric
	A characterization of global hyperbolicity
	A characterization of global hyperbolicity
	A characterization of global hyperbolicity

	Completeness of the Fermat metric and Lorentzian geodesics
	Geodesics connectedness
	Lightlike geodesics
	Lightlike geodesic
	Timelike geodesic
	Timelike geodesic
	Timelike geodesic

	References
	References
	References
	References


