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Examples of pseudoRiemannian manifolds with “large” isometry
group.

A semisimple Lie group H, by definition, has a bi-invariant pseu-
doRiemannian metric given by the Killing form of its Lie algebra.
For this we have Isog(H) = H x H.

If T C H is a cocompact lattice, then H/I" is a compact pseudoRie-
mannian manifold for which Isog(H/I"') = H.

Let G C H be a simple Lie group and K C H a compact subgroup
that centralizes G and such that KNI = {e}. Then the double
coset:

K\H/T

admits a left GG-action preserving a pseudoRiemannian structure in-
duced by the metric on H and such that G C Isog(K\H/I").

We will be interested in the case where (G is noncompact and H has
no compact factors.



Some basic examples.

e A finite volume example is given by taking H = SL(n 4+ m,R),
r=SL(n+m,Z), and

GzSL(n,R)C{(S I?ﬂ)} K:SO(m)c{<Ig S)}

with the double coset:

SO(m)\SL(n+ m,R)/SL(n+ m,Z).

e letI' C H=SL(n,R)xSL(m,R) be a cocompact lattice (it can
be choosen irreducible if n = m) and

G SL(n,R) x Iy,
Then the example is the double coset:

(SL(n,R) x SO(m)\ SL(m,R))/T.



A program on pseudoRiemannian manifolds with a “large”
iIsometry group.

Suppose we are given:

e M a compact pseudoRiemannian manifold,

e (G a noncompact simple Lie group, and

e a2 smooth action of G on M preserving the metric.

Problem: Determine to what extent M is related to the previous
examples.



For such an M and an arbitrary pseudoRiemannian manifold N, the
manifold:

M x N

IS @ new example carrying an isometric G-action where we have no
control on N. We want to avoid these examples.

We can avoid such examples by considering G-actions on M with
either of the following hypothesis:

e [ here is a dense G-orbit.

e [ he manifold M is locally irreducible, i.e. its universal covering
space is an irreducible pseudoRiemannian manifold.



Conjecture (on pseudoRiemannian manifolds with large isometry
group):

Suppose we are given:

e M a compact pseudoRiemannian manifold,

e (G a noncompact simple Lie group, and

e 2 smooth action of G on M preserving the metric and with a
dense orbit.

Then up to ‘“trivial” constructions M is a double coset example
K\H/I" as described before.

Here “trivial” means up to a finite covering.



A first related result is the following.

Theorem (Zimmer). Suppose we are given:

e M a compact pseudoRiemannian manifold,

e (G a noncompact simple Lie group, and

e a smooth ergodic action of G on M preserving the metric.

Then there is a Lie algebra embedding:

g — so(my,mo)

of the Lie algebra g of G into so(m1,m>), where (my,m»o) is the
signature of M.



The above Zimmer's result provide a relation between the Lie al-
gebra g and the signature of M, for an isometric G-action on M as
above.

Recall that G itself is a pseudoRiemannian manifold and so has a
signature, say (n1,n-). A natural problem is to determine a relation
between the signatures of G and M for our setup.

From now on, we will denote:

e (m1,m»o) the signature of M,

e (n1,no) the signature of G,

e mg = min(my,mo) and ng = min(ny,n>), which we will call the
null dimensions of M and G, respectively.



Theorem (Gromov). For G and M as above:

ng < mq.

In other words, the dimension of the tangent null subspaces to G is

bounded by the dimension of the maximal null tangent subspaces
of M.

Problem: Study the nature of M for suitable relations between ng
and mgq.



Theorem (Quiroga). Let G and M as before be such that G with
rankr(G) > 2. If G acts faithfully on M and ng = mg, then there
exist:

(1) a finite covering M — M,
(2) a connected semisimple Lie group of the form H =G x G,

(3) a lattice C H and K C H a compact subgroup centralizing G,

for which the G-action on M lifts to M so that:

M= K\H/T = K\(GxG)/r

are G-equivariantly diffeomorphic.



Techniques used in the proof.

e (Zimmer, Gromov, Szaro) The G-actions considered are known
to be locally free, i.e. with discrete stabilizers.

e [ he orbit maps:
G — M
g — g,

allow us to compare the metric on M with the natural metric
on (.

e (Gromov, Candel-Quiroga) An essential tool is obtained by show-
ing the existence of additional local isometries for M.
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More precisely, in a the neighborhood of almost every point x
there exists a Lie algebra g(x) of Killing vector fields satisfying:

(1) Z; =0, for every Z € g(x),

(2) the local one-parameter subgroups of g(xz) preserve the G-
orbits,

(3) g(x) and g are isomorphic Lie algebras, so that the canonical
vector space isomorphism T,Gx = g is an isomorphism of g-
modules.

This are obtained using Gromov-Nomizu results on rigid geo-
metric structures and Zimmer’s algebraic hull for actions.

If TOL1 denotes the orthogonal complement to the tangent bun-
dle to the G-orbits in M, then the Lie algebras g(x) are used to
apply representation theory and prove that TO- is integrable.
The leaves of this bundle provide the factor K\G’.



Another example of a result that can be obtained with these tech-
niques.

Theorem (Quiroga). Let G = SO(n,n) and M be as before with
the manifold and action assumed to be analytic. Suppose that M

is complete and locally irreducible, that there is a dense orbit and
that:

dimM < 2n° +n dim SO(n,n) + 2n

dimSO(n,n 4+ 1).

Then, M is SO(n,n)-equivariantly diffeomorphic to a manifold of
the form:

SO(n,n+1)/I,

where I is a cocompact lattice.
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