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SOME REMARKS ON THE GAUSSIAN CURVATURE OF
SPACELIKE SURFACES IN LORENTZIAN PRODUCT SPACES

Alma L. Albujer
(joint work with Luis J. Alias and Juan A. Aledo)

Universidad de Cordoba, Spain

Given X2 a compact spacelike surface immersed in a Lorentzian product
space M? x Ry, we establish an integral formula which allows us to derive
some interesting consequences in terms of the Gaussian curvature of the
surface. For instance, when M? is either the sphere S? or the real projective
plane RP?, we characterize the slices of the trivial totally geodesic foliation
M? x {t} as the only complete spacelike surfaces with constant Gaussian
curvature in the Lorentzian product M? x R;. On the other hand, we show
that our results are no longer true when M? = H? is the hyperbolic plane. In
fact, we give examples of complete spacelike surfaces with constant Gaussian
curvature K < —1. However, using the abstract theory of Codazzi pairs, we
show that there exists no complete spacelike surface in H? x R; with constant
Gaussian curvature K > —1.



CoOMPACT INDEFINITE GLOBALLY FRAMED
f-MANIFOLDS AND TOROIDAL PRINCIPAL BUNDLES

Letizia Brunetti

(joint work with Anna Maria Pastore)

University of Bari, Italy

It is well-known that the language of principal bundles furnishes the
needed elements in Gauge Theory to describe the interaction of a parti-
cle, seen as an object of the base space, with a gauge field, that is the
curvature 2-form ) of a connection w on a smooth principal G-bundles
G — P — X. Moreover, further attention may be reserved for those princi-
pal bundles whose total and/or base spaces are smooth manifolds endowed
with a Lorentz metric compatible with special geometric structures. We are
interested in globally framed f-manifolds (g.f. f-manifolds for short). In par-
ticular manifolds known as Lorentz framed manifolds ([3]), may be used as
spacetime manifolds in General Relativity (see also [4]).

Studies on toroidal principal bundles have been started in the Riemannian
setting by Blair, Ludden, Yano, Morimoto et al. (cf. for example [1, 2, 7]),
giving the fundamental relationships between f-manifolds and Riemannian
submersions. Here we are concerned with some extensions of their results to
toroidal principal bundles in the semi-Riemannian context, and this involves
in a natural way semi-RiemanciteONArt,O’N) with totally geodesic fibres.
These objects have their own well-known physical importance (see [5], or last
chapter of [6]), since a (semi-)Riemannian submersion with totally geodesic
fibres is a harmonic map and a harmonic map is known by the physicists as
o-model.

About the extensions of the results of [2] to the semi-Riemannian case,
we consider a connected, compact smooth manifold M endowed with a nor-
mal indefinite g.f.f-structure. Under suitable hypotheses of regularity, we
get that M is the total space of a toroidal principal bundle and the struc-
ture projects over an (indefinite) Kahler structure or an (indefinite) Sasakian
one. On the other hand, we show that the total space of a toroidal princi-
pal bundle over a Kéahler manifold, indefinite or not, may admit indefinite
metrics, and the lift of the (indefinite) Kéhler structure gives rise to normal
g.f.f-structures on the total space.



We give some applications, in particular we construct a Lorentzian S-
structure on the compact Lie group U(2) having two characteristic vector
fields with different causal character and we obtain three quotient manifolds
of U(2) linked by semi-Riemannian submersions in a commutative diagram.
We also prove that U(2) with such a structure is foliated by Reinhart lightlike
hypersurfaces.
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CALABI-BERNSTEIN TYPE PROBLEMS FOR CERTAIN
GENERALIZED ROBERTSON-WALKER SPACETIMES

Magdalena Caballero
(joint work with Rafael M. Rubio)

Universidad de Cordoba, Spain

Uniqueness and non-existence results of entire solutions to the maximal
surface equation and to the constant mean curvature spacelike surface equa-
tion in certain Generalized Robertson-Walker spacetimes obeying several en-
ergy conditions are found. Motivated by this problem we study the corre-
sponding parametric version.



OSSERMAN METRICS AND RIEMANNIAN EXTENSIONS

Esteban Calvino-Louzao

(joint work with Eduardo Garcia-Rio, Peter Gilkey and Ramoén
Vazquez-Lorenzo)

Unwversidad de Santiago de Compostela, Spain

The Riemannian extension of a torsion-free affine manifold (M, D) is a
pseudo-Riemannian metric on the cotangent bundle T*M whose curvature
reflects many properties of the affine structure. On the other hand some
modifications of the classical Riemannian extensions are the natural struc-
ture underlying certain geometries like the paracomplex space forms, which
correspond to modified Riemannian extensions of flat connections.

Riemannian extensions of torsion-free connections with nilpotent Jacobi
operators (i.e., affine Osserman) produce examples of Osserman manifolds
with nilpotent Jacobi operators. Here we show how modified Riemannian ex-
tensions of affine Osserman manifolds give rise to new examples of Osserman
manifolds whose Jacobi operators are neither diagonalizable nor nilpotent.



NATURAL DIAGONAL PARA-KAHLER TANGENT BUNDLES

S. L. Druta-Romaniuc

Al. I. Cuza University, Romania

We characterize the natural diagonal almost product (locally product)
structures on the tangent bundle of a Riemannian manifold. We obtain the
conditions under which the tangent bundle endowed with the determined
structure and with a metric of natural diagonal lift type is a Riemannian
almost product (locally product) manifold, or an (almost) para-Hermitian
manifold. Finally, we find the natural diagonal (almost) para-Kéhlerian
structures on the tangent bundle.



ON THE BEHAVIOR OF THE SCALAR CURVATURE OF
CONSTANT MEAN CURVATURE HYPERSURFACES IN
SPACE FORMS

S. Carolina Garcia-Martinez

(joint work with Luis J. Alias)

Universidad de Murcia, Spain

In this work we study the behavior of the scalar curvature Scal of a
hypersurface ¥ immersed with constant mean curvature into a Riemannian
space form of constant curvature, deriving a sharp estimate for the infimum
and for the supremum of Scal, under some appropriate conditions on 3, such
as properly immersed and stochastic completeness. Our results will be an
application of a generalized Omori-Yau maximum principle due to Pigola,
Rigoli and Setti.

Keywords: constant mean curvature, scalar curvature, Ricci curvature,
maximum principle, stochastic completeness.



SOME EXAMPLES OF LORENTZIAN RICCI SOLITONS

Sandra Gavino Fernandez

(joint work with Miguel Brozos Vazquez and Eduardo Garcia Rio)

Unwersidad de Santiago de Compostela, Spain

We study different families of Lorentzian Ricci solitons, each of them is
related to some specific geometric aspect. First we provide a complete clas-
sification of 3-dimensional Lorentzian homogeneous Ricci solitons, showing
that all non-trivial examples have non-diagonalizable Ricci operator with
three equal eigenvalues. Secondly, we show that Lorentzian manifolds whose
isometry group is of dimension at least %n(n — 1) 4+ 1 are expanding, steady
and shrinking Ricci solitons. Moreover these are also gradient Ricci solitons
of steady type.



SEIBERG-WITTEN EQUATIONS ON PSEUDO-RIEMANNIAN
Spin® MANIFOLDS WITH NEUTRAL SIGNATURE

Senay Karapazar

(joint work with Nedim Degirmenci)

Anadolu University, Turkey

We consider pseudo-Riemannian 4—manifolds with neutral signature whose
structure group are SO, (2,2). We prove that such manifolds have pseudo
riemannian spin® structure. We construct spinor bundles S, S*, S~ on these
manifolds. For the first Seiberg-Witten equation we define Dirac operator on
these bundles. Due to the neutral metric self-duality of a 2—form is mean-
ingful and it enable us to write down second Seiberg-Witten equation. Lastly
we write explicit forms of these equation on 4—dimensional flat space.
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CONFORMAL RELATIVES OF SYMMETRIC SPACES

Yuri Nikolayevsky

La Trobe University, Australia

A Riemannian manifold is called curvature homogeneous, if its curvature
tensor at any two points is “the same”. A curvature homogeneous manifold
is modelled on a homogeneous space My, if its curvature tensor at every point
is “the same” as the curvature tensor of My. A curvature homogeneous man-
ifold modelled on a symmetric space M, is locally isometric to it, unless the
de Rham decomposition of M, contains a product of a Euclidean space and
a two-space of a constant nonzero curvature (Kowalski, Tricerri, Vanhecke
1992).

Likewise, a Riemannian manifold is called Weyl homogeneous, if its Weyl
conformal curvature tensor at any two points is “the same”, up to a positive
multiple. A Weyl homogeneous manifold is modelled on a homogeneous space
My, if its Weyl tensor at every point is “the same” as the Weyl tensor of M,
up to a positive multiple.

We prove that a Weyl homogeneous manifold M™, n > 4, modelled on a
symmetric space M, is conformally equivalent to M, in each of the following
cases: the de Rham decomposition of M, contains no factors of rank two or
less; My is a compact simple Lie group with a bi-invariant metric or on its
noncompact dual; My has rank one.
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A MobDuULI SPACE OF MINIMAL AFFINE LAGRANGIAN
SUBMANIFOLDS

Barbara Opozda

Jagiellonian University, Poland

In the paper ” Deformations of calibrated submanifolds” (Comm. Anal.
Geom. (1998)) R. McLean proved that special Lagrangian submanifolds
nearby a compact special Lagrangian submanifold of a Calabi-Yau manifold
form a manifold of dimension by, where by is the first Betti number of the
submanifold. Then a few papers giving generalizations to the cases where
the ambient space is not a Calabi-Yau manifold but a more general type
of space have been published. All those cases lie, in fact, within metric
geometry. Moreover these are local results. A similar result in a non-metric
case is proposed. Our result is global. We describe the set of all minimal
affine Lagrangian embeddings of a compact manifold. To this aim we use the
notion of a Fréchet manifold introduced by R. Hamilton in 1982.

It seems that from a differential geometry viewpoint non-metric ana-
logues of Calabi-Yau manifolds are equiaffine complex manifolds, that is,
complex manifolds equipped with a torsion-free complex connection and a
non-vanishing covariant constant complex volume form. There are many very
natural complex equiaffine manifolds. For instance, complex hypersurfaces
of the complex affine space C™ or the tangent bundles of the so call with par-
allel volume (according to the definition given by L. Auslander). Equiaffine
structures are, in general, non-metrizable.

In order to discuss minimality of submanifolds a metric structure is not
necessary. It is sufficient to have induced volume elements on submanifolds.
Such a situation exists in case of affine Lagrangian submanifolds. A real
n-dimensional submanifold of a complex n-dimensional manifold is affine La-
grangian if the tangent bundle of the submanifold is transversal to its image
by the complex structure. An oriented affine Lagrangian submanifold of a
complex equiaffine manifold is naturally endowed with an induced volume
form. Such a submanifold (if connected) is minimal iff its phase function
is constant. This condition is directly related with the notion of calibra-
tions introduced by Harvey and Lawson (1981). A compact minimal affine
Lagrangian submanifold is volume minimizing in its cohomology class. A
cohomologous family of minimal submanifolds can be treated as simultane-
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ously calibrated by the real part of the complex volume form in the ambient
space.

The following result will be presented

Theorem. Let N be a 2n-dimensional almost complex manifold equipped
with a smooth nowhere-vanishing closed complex n-form €2. Let M be a con-
nected compact orientable n-dimensional real manifold admitting a minimal
(relative to ) affine Lagrangian embedding into N.

Let M denote the Fréchet manifold CZ,, (M, N),pifpem) and Mal its

emb
open (in the C'-topology) submanifold determined by affine Lagrangian em-

beddings. Then
MmalL = {[f] € MaL; f is minimal}

is an infinite dimensional manifold modeled on the Fréchet vector space of
all closed (n — 1)-forms of class C>* on M. It is a submanifold of MalL.
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HYPERSURFACES IN THE LORENTZ-MINKOWSKI SPACE
SATISFYING Lip = Ay + b

H. Fabian Ramirez-Ospina

(joint work with Pascual Lucas)

Universidad de Murcia, Spain

We study hypersurfaces in Lorentz-Minkowski space L."*! whose position
vector ¢ satisfies the condition Ly = Ay + b, where Lj is the linearized
operator of the (k 4+ 1)th mean curvature of the hypersurface for a fixed
k=0,....,n—1, A e RotDx(+D g 5 constant matrix and b € L"*! is a
constant vector. For every k, we prove that the only hypersurfaces satisfying
that condition are hypersurfaces with zero (k + 1)th mean curvature, open
pieces of totally umbilical hypersurfaces H (1) or H"(—7), and open pieces of
generalized cylinders ST7*(r) x R"™™, H"(—r) x R*™, with k+1 <m <n-—1,
or " x §"7™(r), with k+1 < n—m < n—1. This completely extends to the
Lorentz-Minkowski space a previous classification for hypersurfaces in R**!
given by Alias and Giirbiiz [Geom. Dedicata 121 (2006), 113-127].

Keywords: linearized operator Lj; isoparametric hypersurface; k-maximal

hypersurface; Takahashi theorem; higher order mean curvatures; Newton
transformations.
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NONCOMMUTATIVE BLOCH ANALYSIS OF BOCHNER
LAPLACIANS

Pavel Stovicek

(joint work with Petra Kostakova)

Czech Technical University in Prague, Czech Republic

Given an invariant Hermitian connection in a vector fiber bundle and
a periodic semi-bounded scalar function V on a Riemannian manifold M
with a discrete symmetry group I, consider the I'-periodic Hamilton oper-
ator H = —Ap + V where Ag is the Bochner Laplacian. The symmetry
group [ can be noncommutative, and the connection need not flat. On the
other hand, I' is supposed to be of type I. With any unitary representa-
tion A of I' one associates an operator H* = —Delta +V on M = M/T
where V is the projection of V to M. Using the Fourier transformation on
I we describe a generalized construction of the Bloch decomposition of H
into a direct integral whose components are H*, with A running over the
dual space [. The evolution operator, the heat operator and the resolvent
decompose correspondingly. The Bloch decomposition is known to be an
important tool in the spectral analysis of magnetic Schrodinger operators.
Conversely, given A € T, one can express the propagator KAy, 92) (= the
kernel of exp(—itH™)) in terms of the propagator K;(y1,y2) (= the kernel
of exp(—itﬁ[ )) asr I'. Again, analogous formulas exist for the corresponding
heat kernels and Green functions. Formulas of this type find their appli-
cation both in mathematics, for example in derivation of the Selberg trace
formula, and in theoretical physics, for example in the case when a config-
uration manifold M is multiply connected and M is its universal covering
space.
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SLANT IMMERSIONS OF QUATERNIONIC SPACE FORMS

Gabriel Eduard Vilcu

University of Bucharest, Romania

In this paper we investigate the existence of quaternionic slant immersions
in quaternionic space forms with unfull first normal bundle.
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