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Introduction

Partitioning problems:
How many ways are there to write an integer N as a sum of smaller
integers?

N = 5 = 1 + 1 + 1 + 1 + 1 = 1 + 1 + 1 + 2
= 1 + 1 + 3 = 1 + 4
= 5 = 2 + 2 + 1
= 2 + 3

N = 100 your turn

Hardy-Ramanujan for large N:

n(N) ∼ 1

4
√

3N
e
π
√

2N
3
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Introduction
More generally: How many ways are there to write an integer N as a
sum over integers from a given sequence Λ = {1, λ2, λ3, ...}?

Example: λi ,j = n2
i + n2

j , i , j ∈ N, (i , j) 6= (0, 0).

n(N) ∼ (...) exp
{
...
√
N + ...N1/4 + ...

}
Relevant information contained in the spectral functions

ζ(s) =
∞∑
i=1

λ−si

K (t) =
∞∑
i=1

e−λi t ∼
∞∑
n=0

aint
in

M. Coons and KK, J. Math. Phys. 50 (2009) 013517
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Introduction

Q1: Can one hear the shape of a drum?

Q2: Can a gas feel the shape of its container?

Q3: What does the Casimir effect know about a boundary?
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Can one hear the shape of a drum?

Amplitude and fundamental
tones of vibrations(
− ∂2

∂x2
− ∂2

∂y2

)
φk(x , y) = λkφk(x , y),

φk(x , y)|(x ,y)∈∂M = 0

Heat kernel

K (t) =
∞∑
k=1

e−λk t
t→0∼ area

4πt
− length/4√

4πt
+

1

6
(1− h) +O(t1/2)

M. Kac, Am. Math. Monthly 73 (1966) 1

H.P. Mc Kean and I.M. Singer, J. Diff. Geom. 1 (1967) 43
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Can a gas feel the shape of its container?

Schrödinger equation and
wave function of atoms(
− ∂2

∂x2
− ∂2

∂y2

)
φk(x , y) = λkφk(x , y),

φk(x , y)|(x ,y)∈∂M = 0

Partition function

q(β) = −
∞∑
k=1

ln
(

1− e−λkβ
)

β→0∼ β−D/2ζR

(
D

2

)
a0 + β−(D−1)/2ζR

(
D − 1

2

)
a1/2 + ...
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What does the Casimir effect know about a boundary?

Quantum field fluctuations(
− ∂2

∂x2
− ∂2

∂y2

)
φk(x , y) = λkφk(x , y),

φk(x , y)|(x ,y)∈∂M = 0

Casimir energy (formally)

ECas =
∞∑
k=1

λ
1/2
k

Associated zeta function

ζ(s) =
∞∑
k=1

λ−sk

→ ”ζ (s = −1/2) ”
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What does the Casimir effect know about a boundary?

In more detail

ζ

(
−1

2
+ ε

)
=

1

ε
a2 + FP ζ

(
−1

2

)
+O(ε)

Explicit knowledge of heat kernel coefficients needed.

P.B. Gilkey and T.P. Branson, Commun. Part. Diff. Eq. 15 (1990) 245 (100 citations)

P.B. Gilkey, J. Diff. Geom. 10 (1975) 601 (259 citations)

T. Eguchi, P.B. Gilkey and A.J. Hanson, Phys. Rep. 66 (1980) 213 (895 citations)
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Introduction

M a smooth D-dimensional Riemannian manifold

P a Laplace type differential operator on M

Eigenvalues of P

Pφk(x) = λkφk(x), Bφk(x)|x∈∂M = 0

Associated heat kernel (F localizing function)

K (t,F ) = TrL2(M)

(
Fe−tP

)

What is the small-t asymptotics of the heat kernel?

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 10 /

26



Introduction

M a smooth D-dimensional Riemannian manifold

P a Laplace type differential operator on M

Eigenvalues of P

Pφk(x) = λkφk(x), Bφk(x)|x∈∂M = 0

Associated heat kernel (F localizing function)

K (t,F ) = TrL2(M)

(
Fe−tP

)

What is the small-t asymptotics of the heat kernel?

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 10 /

26



Introduction

M a smooth D-dimensional Riemannian manifold

P a Laplace type differential operator on M

Eigenvalues of P

Pφk(x) = λkφk(x), Bφk(x)|x∈∂M = 0

Associated heat kernel (F localizing function)

K (t,F ) = TrL2(M)

(
Fe−tP

)

What is the small-t asymptotics of the heat kernel?

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 10 /

26



Introduction

M a smooth D-dimensional Riemannian manifold

P a Laplace type differential operator on M

Eigenvalues of P

Pφk(x) = λkφk(x), Bφk(x)|x∈∂M = 0

Associated heat kernel (F localizing function)

K (t,F ) = TrL2(M)

(
Fe−tP

)

What is the small-t asymptotics of the heat kernel?

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 10 /

26



Introduction

M a smooth D-dimensional Riemannian manifold

P a Laplace type differential operator on M

Eigenvalues of P

Pφk(x) = λkφk(x), Bφk(x)|x∈∂M = 0

Associated heat kernel (F localizing function)

K (t,F ) = TrL2(M)

(
Fe−tP

)

What is the small-t asymptotics of the heat kernel?

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 10 /

26



Introduction

M smooth compact and without boundary, F ∈ C∞(M)

K (t,F ) ∼ t−D/2
∞∑

n=0,1,2,...

cn(F ,P)tn

M smooth compact and with smooth boundary, F ∈ C∞(M)

B local and strongly elliptic

K (t,F ) ∼ t−D/2
∞∑

n=0,1,2,...

cn(F ,P)tn + t−(D−1)/2
∞∑

`=0,1/2,1,...

b`(F ,P,B)t`

cn(F ,P) and b`(F ,P ,B) are the heat kernel coefficients depending
on geometric invariants and the boundary condition.
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Introduction

General strategy: Write down general form using independent
invariants

ci Ii , i = 1, 2, ...

ci are numerical multipliers and Ii are

R, RijR
ij , ∆R, ... Laa, LabL

ab, ...

Determine numerical multipliers using
a.) special cases
b.) functorial properties (product formula, conformal transformations)

Advantages:
a.) long calculation split into pieces
b.) character of a riddle, quite enjoyable
c.) provides many crosschecks due to overlapping information

obtained by the conglomerate of methods
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Boundary conditions and invariance theory

Laplace type operator P

P = −(g ij∇i∇j + E )

Dirichlet boundary conditions

φ(x)|x∈∂M = 0

Heat trace

K (t,F ) = TrL2(M)

(
Fe−tP

)
∼ t−D/2

∞∑
n=0,1/2,1,...

an(F ,P,B) tn
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Boundary conditions and invariance theory
General form of the coefficients; dimensional consideration

P : length−2

e−tP : [t] = length2

an(F ,P,B) : lengthD−2n

Structure of the coefficients

an(F ,P,B) =

∫
M

dx cn(x ,F ,P) +

∫
∂M

dy bn(y ,F ,P,B)

cn(x ,F ,P) : length−2n

bn(y ,F ,P,B) : length1−2n

Building blocks

E , R, Rij , Rijkl : length−2 Lab : length−1

and contractions, covariant derivatives thereof.

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 14 /

26



Boundary conditions and invariance theory
General form of the coefficients; dimensional consideration

P : length−2

e−tP : [t] = length2

an(F ,P,B) : lengthD−2n

Structure of the coefficients

an(F ,P,B) =

∫
M

dx cn(x ,F ,P) +

∫
∂M

dy bn(y ,F ,P,B)

cn(x ,F ,P) : length−2n

bn(y ,F ,P,B) : length1−2n

Building blocks

E , R, Rij , Rijkl : length−2 Lab : length−1

and contractions, covariant derivatives thereof.

Klaus Kirsten (Baylor University) Spectral functions
A Coruña, December 17, 2010 14 /

26



Boundary conditions and invariance theory
General form of the coefficients; dimensional consideration

P : length−2

e−tP : [t] = length2

an(F ,P,B) : lengthD−2n

Structure of the coefficients

an(F ,P,B) =

∫
M

dx cn(x ,F ,P) +

∫
∂M

dy bn(y ,F ,P,B)

cn(x ,F ,P) : length−2n

bn(y ,F ,P,B) : length1−2n

Building blocks

E , R, Rij , Rijkl : length−2 Lab : length−1

and contractions, covariant derivatives thereof.
Klaus Kirsten (Baylor University) Spectral functions

A Coruña, December 17, 2010 14 /
26



Boundary conditions and invariance theory

b1/2 = (4π)−(D−1)/2 δ F [∂M]

b1 = (4π)−D/26−1 [d0 F Laa + d1F;m] [∂M]

b3/2 = (4π)−(D−1)/2δ96−1
[
F
(
e0E + e1R + e2Rmm + e3L

a
aL

b
b

e4LabL
ab
)

+ e5L
a
aF;m + e6F;mm

]
[∂M]

b2: 19 terms
b5/2 ∼ 75 terms
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Special case calculation on the ball

Example with non-vanishing extrinsic curvature is very useful

Geometry of the ball (D = d + 1)

Lba = δba , Laa = d , LabL
ab = d , ...

Localizing function

F (r) = f0 + f1r
2 + f2r

4
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Special case calculation on the ball

b1/2 = (4π)−(D−1)/2 δ F [∂M]

b1/2 = (4π)−(D−1)/2

(
−1

4

)
F [∂M]

b1 = (4π)−D/26−1 [d0 F Laa + d1F;m] [∂M]

b1 = (4π)−D/26−1
[
2F d + 3F ′

]
[∂M]

b3/2 = (4π)−(D−1)/2δ96−1
[
F
(
e0E + e1R + e2Rmm + e3L

a
aL

b
b

+e4LabL
ab
)

+ e5L
a
aF;m + e6F;mm

]
[∂M]

b3/2 = (4π)−(D−1)/2δ96−1
[
F (7d2 − 10d) + 30dF ′ + 24F ′′

]
[∂M]
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Functorial properties

Let M = M1 ×M2, ∂M = M1 × ∂M2, gM = gM1 + gM2 , then
R(M) = R(M1) + R(M2).

Furthermore let PM = PM1 + PM2 , FM = FM1FM2 , then

e−tPM = e−tPM1 e−tPM2 ,

TrL2(M)

(
FMe−tPM

)
= TrL2(M1)

(
FM1e

−tPM1

)
TrL2(M2)

(
FM2e

−tPM2

)

In particular,

a3/2(M,P,B) = a1(M1,P1) b1/2(M2,P2,B)

+a0(M1,P1) b3/2(M2,P2,B)

=⇒ c0 = 96, c1 = 16.
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Functorial properties

Idea: consider variations of the coefficients

P(ε) = e−2εFP

=: −(g ij(ε)∇i (ε)∇j(ε) + E (ε))

where
g ij(ε) = e−2εFg ij

Relation between the associated coefficients

d

dε

∣∣∣∣
ε=0

an(1,P(ε),B(ε)) = (D − 2n)an(F ,P,B)
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Functorial properties

For n = 3/2

d

dε

∣∣∣∣
ε=0

b3/2(1,P(ε),B(ε))− (D − 3)b3/2(F ,P,B) = 0

Set the coefficient of F;mm equal zero

1

2
(D − 2)c0 − 2(D − 1)c1 − (D − 1)c2 − (D − 3)c6 = 0

=⇒ c2 = −8
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a5/2(F , P,B) = ∓5760−1(4π)−d/2{F
{
g1E;mm + g2E;mS + g3E

2

+g4E
a

:a + g5RE + j1ΩabΩab + g6∆R + g7R
2 + g8RijR

ij + g9RijklR
ijkl

+g10RmmE + g11RmmR + g12RS
2 + j2ΩamΩa

m + g13R;mm + g14R
a

mm:a

+g15Rmm;mm + g16R;mS + g17RmmS2 + g18SS
a

:a + g19S:aS
a
:

+g20RammbR
ab + g21RmmRmm + g22RammbR

a b
mm + g23ES

2 + g24S
4
}

+F;m

{
g25R;m + g26RS + g27RmmS + g28S

a
:a + g29E;m + g30ES + g31S

3
}

+F;mm

{
g32R + g33Rmm + g34E + g35S

2
}

+ g36SF;mmm + g37F;mmmm

+F
{
d1KE;m + d2KR;m + d3K

abRammb;m + d4KS
b

:b + d5KabS
ab
:

+d6K:bS
b
: + d7Kab:

aSb
: + d8K:b

bS + d9Kab:
abS + d10K:bK

b
: + d11Kab:

aKb
:

+d12Kab:
aKbc

:c + d13Kab:cK
ab c

: + d14Kab:cK
ac b

: + d15K
b

:b K

+d16K
ab

ab: K + d17K
a

ab: cK
bc + d18K:bcK

bc + d19K
a

bc:a Kbc

+g38KSE + d20KSRmm + g39KSR + d21KabR
abS + d22K

abSRammb
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+g40K
2E + g41KabK

abE + g42K
2R + g43KabK

abR + d23K
2Rmm

+d24KabK
abRmm + d25KKabR

ab + d26KK
abRammb + d27KabK

acRb
c

+d28K
b
a K

acRbmmc + d29KabKcdR
acbd + d30KS

3 + d31K
2S2 + d32KabK

abS2

+d33K
3S + d34KKabK

abS + d35KabK
bcKa

c S + d36K
4 + d37K

2KabK
ab

+d38KabK
abKcdK

cd + d39KKabK
bcKa

c + d40KabK
bcKcdK

da
}

+F;m

{
g44KE + d41KRmm + g45KR + d42KS

2

+d43K
b

:b + d44K
ab

ab: + d45KabR
ab + d46K

abRammb + d47K
2S

+d48KabK
abS + d49K

3 + d50KKabK
ab + d51KabK

bcKa
c

}
+F;mm

{
d52KS + d53K

2 + d54KabK
ab
}

+ d55KF;mmm}[∂M]

T.P. Branson, P.B. Gilkey and D.V. Vassilevich, Boll. Union. Mat. Ital. 11B (1997) 39

KK, Class. Quantum Grav. 15 (1998) L5

T.P. Branson, P.B. Gilkey, KK and D.V. Vassilevich, Nucl. Phys. B563 (1999) 603
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On the analysis of spectral functions

Example: two dimensional ball
Laplacian in polar coordinates:

[
−1

r

∂

∂r

(
r
∂

∂r

)
− 1

r2

∂2

∂ϕ2

]
φm,n(r , ϕ) = λm,nφm,n(r , ϕ)

Separation of variables:

φm,n(r , ϕ) = J|m|

(√
λm,n r

)
e imϕ, m ∈ ZZ

Impose boundary condition:

J|m|

( √
λm,n

)
= 0
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On the analysis of spectral functions
Zeta function:

ζ(s) =
∞∑

m=−∞

∞∑
n=0

λ−sm,n

=
∞∑

m=−∞

∫
γ

dz

2πi
z−2s ∂

∂z
ln J|m|(z)
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On the analysis of spectral functions

Techniques:

• deformation of the contour γ
• Debye expansions
• commutation of summation and integration
• Mellin-Barnes integral representation

Results:

• heat kernel coefficients
• functional determinants
• Casimir energy
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Conclusions

A combination of techniques allows for the very effective evaluation of
heat kernel coefficients for a variety of boundary conditions in the
smooth and singular setting. [Branson, Dowker, Park, Seeley, van den
Berg, Vassilevich]

Using the contour integral approach functional determinants can be
obtained as well by purely analytical means,

ζ ′B3(0) = − 3

32
− 1

12
ln 2− 3

4
ζ ′R(−2) +

1

2
ζ ′R(−1)

so can Casimir energies with some pieces being evaluated numerically,

ζB3

(
−1

2
+ ε

)
=

1

630π

1

ε
+ 0.0044 +O(ε)

The approach is expected to work whenever the configuration allows
for a separation of variables.
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