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n-invariant result

Theorem (A)

Let p be an odd prime and 0 < ¢ < p — 1. Consider a spin
Zp-manifold (M, e) of dimension n. Then

=0 modZ
unless p = n = 3. Furthermore,

’r_][—f]()EO mod Z
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Bordism result

Theorem (B)

Let (M,e,0p) and (M, e, 00) denote a Zp-manifold M equipped
with a spin structure € and with the canonical and the trivial
Zp-structures respectively. Then

(M., 7p)] ~ (M., 70)] = 0

in the reduced equivariant spin bordism group M Spin,,(BZp)
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Settings

General setting
@ M = (compact) Riemannian manifold
e E—-~M = vector bundle of M
@ D:T®(E) -»T>(E) = elliptic differential operator

Our interest
@ M = compact flat manifold
@ D = twisted spin Dirac operator

[but also Laplacians and Dirac-type operators|
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Spectrum

Let M be a compact Riemannian manifold

Definition

The spectrum of D on M is the set

Specp(M) = {A € R : Df = X, f e T(E)} = {(\, dn)}

of eigenvalues counted with multiplicities

e Specp(M) C R is discrete
0 0< M| < < Aol oo
o dy=dimH, < oo, H) = A-eigenspace
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Spectral geometry

Goal: to study
e Spec(M)
o relations between Spec(M) with Geom(M) and Top(M)

Spec(M)
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Some problems

of (our) interest
@ Computation of the spectrum
@ lIsospectrality
© Spectral asymmetry (this talk)

Definition
Specp(M) is asymmetric < 3\ # 0 such that d)\ # d_,
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Eta series

To study this phenomenon Atiyah-Patodi-Singer ‘73 introduced

@ The eta series:

sgn(\
ACEDILLLEDY

A£0 AeA

dy —dy

|Al®

Re(s) > §

where n=dimM, d =ord D

@ has a meromorphic continuation to C called the eta function,
also denoted by 7,(s), with (possible) simple poles in
{s=n—k:keNy}
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Eta invariants

@ the eta invariant:

1 = 1 (0) |

e not trivial that n(0) < co  [APS ‘76], [Gilkey ‘81]
e spectral invariant, globally defined
e does not depend on the metric

@ the reduced eta invariant:

iy = 3(1, + dimker D) J
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Relation with Index Theorems

@ For M closed, the Index Theorem of APS states

Ind(D):/Mao

e For M with boundary OM = N
(under certain boundary conditions)

Ind(D):/ a0 — iy,
= M ~—

top
geom spec
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Relation with Index Theorem: spin Dirac operator

M with boundary N
@ D = Dirac operator

Imu»=/;Nm—;m%+h)

where h = dim ker Dy

@ D = signature operator, dim M = 4k

Sien(D) = | L() =,

R. Podestd (FaMAF-UNC, CIEM-CONICET) Dirac eta series and eta invariants of Zy-manifolds



Introduction

G problems in spectral geometry
Spectral Asy try
Problems consi ered in [GMP]

Particular setting and notations

From now on we consider
@ p = odd prime in Z
@ M = compact flat manifold with holonomy group F ~ Z,
@ & = spin structure on M
@ p; = character of Z,, 0 </ <p—1

e Dy, = Dirac operator twisted by py
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Problems considered

Spectral asymmetry

for any (M, e) compute:
Q the eta series 7y(s) associated to Dy
@ the reduced eta invariants 7j
© the relative eta invariants 77y — g

Bordism groups

in addition, can we say something about
the reduced equivariant spin bordism group M Spin,,(BZ,)?
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Compact flat manifolds

o A flat manifold is a Riemannian manifold with K =0

@ Any compact flat n-manifold M is isometric to
Mr: F\R", rﬁﬂ'l(M)

where [ is a Bieberbach group, i.e.
a discrete, cocompact, torsion-free subgroup of

[(R") ~ O(n) x R"
e yeIl = ~v=BLp, with B€ O(n), b€ R" and

Bly- Cle = BCLc-1py .
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Algebraic properties

The map
r: I(R") — O(n) BL,— B

induces the exact sequence

0-A=TSHF—1

A = lattice of R" (the lattice of pure translations)

F ~ A\T' C O(n) is finite, called the holonomy group of I
@ One says that M is an F-manifold

o fact:
ng :=dm@®R")E>1 VBL,el
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Holonomy representation

@ The action by conjugation on A by F ~ A\l
BL\B'=lLg\
defines the integral holonomy representation

p:F— GL,(Z)

@ This p is far from determining a flat manifold uniquely

@ There are (already in dim 4) non-homeomorphic orientable
flat manifolds M, M with the same integral holonomy
representation, i.e.

pr = pr but Mr % M
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Geometric properties

Bieberbach theorems
 Th — Mr, Mr = TA/F = (R"/N)/(T/N)
o diffeomorphic < homeomorphic < homotopically equivalent
Mr=~Mr & T~ & 7,(M)=m(M)
since mp(Mr) =0 for n > 2

@ In each dimension, there is a finite number of affine equivalent
classes of compact flat manifolds
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Geometric properties

@ Every finite group can be realized as the holonomy group of a
compact flat manifold [Auslander-Kuranishi ‘57]

@ Every compact flat manifold bounds, i.e.,
if M" is a compact flat manifold,
then there is a N"*1 such that 9N = M [Hamrick-Royster ‘82]
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The trivial example: 2-torus

Let
AN=7%=7Le; ®ZlLe

the canonical lattice then
T? = Z2\R? = (L¢,, Le,)\R? = A\R?

is a 2-torus
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The first non-trivial example

A Z,-manifold in dimension 2
The Klein bottle:

Kz = <[_1 1]L%7 Lel7 L62>\R2
where
N=7°=7ley ®Zle,, F=~{71,])~27

Note that
K2 ~ 7,\T?

R. Podestd (FaMAF-UNC, CIEM-CONICET) Dirac eta series and eta invariants of Zp-manifolds



Zp-manifolds Compact flat manifolds

Z-manifolds

We will now describe the Z,-manifolds Mr

@ M satisfies
0>AZ" =T - Zp—1

@ Mr can be thought to be constructed by
integral representations of Z, = Z[Zp]-modules

@ Zp-modules were classified by Reiner [Proc AMS ‘57]
@ Zp-manifolds were classified by Charlap [Annals Math ‘65]
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Reiner Z,-modules

Any Z,-module is of the form

Na,b,c,a):=a®d(a—1)O S bZ[Z,) & cld J

where
@ a,b,ceNg,a+b>0
& = primitive p*P-root of unity
O = Z[&] = ring of algebraic integers in Q(§)
a = ideal in O
Z|Zp] = group ring over Z

Id = trivial Zp-module
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Zp-actions

@ The actions on the modules are given by multiplication by ¢

@ In matrix form, the action of £ on O and Z[Z,] are given by

20 1 20 %
1 —1 1 0
G = .| € GLya(Z), Jp = .| €6L(Z)
"0-1 00
1-1 10

@ The action on a is given by C, , € GL,_1(Z) with Cp , ~ Cp

e nc,=nc,,=0,n;,=1
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Properties of Z,-manifolds

Let Mr = T\R" be a Zp-manifold with T = (y, N), v = BLp. Then
o (BLy)P = Ly, where b, = >"""1 Bib € Ln ~ (3P25 BI)A
e As a Zp-module, N ~ N(a, b, c,a), with c > 1 and
n=alp—1)+bp+c

@ a, b, ¢ are uniquely determined by the ~ class of [

o I is conjugate in I(R") to a Bieberbach group [ =, A
with § = BLy, where Bb = b and b € LA~ A
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Properties of Z,-manifolds

Proposition (continued)

e ng=1 < (b,c)=(0,1) and in this case v = BLy, can be
chosen so that b = %e,,

@ One has

Hi(Mr,Z) ~ Z°%° & 73
HY(Mr, 7)) ~ 7.b+¢

and hence ng = b+ ¢ = (31

@ Mr is orientable
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The models

For our purposes, it will suffice to work with the “models”

Mg:5(a) = (BL%,/\ﬁzi(a» \R?

where )
Aps(@) = Xalzn Xt = XaZ" € © Z°

for some X; € GLy(R)
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The models

and
B = diag(By,,...,Bp,1,...,1) € SO(n)
a+b b+c
with
B(3)
B(%2T) ~
By = P q= [pTl]
2qm
B(=5)
B(t)= (i o) teR
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Exceptional Z,-manifolds

@ In Charlap’s classification there is a distinction between
exceptional and non-exceptional Z,-manifolds

o A Zp-manifold is called exceptional if

A=~ NAa,0,1,a)

o We will use exceptional Z,-manifolds M%3(«), hence odd

dimension
n=alp—1)+1
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Example: the “tricosm”

@ It is the only 3-dimensional Z3-manifold

o It is exceptional: M3y = Mgy (0), with O = Z[ 2]

o As a Zs-module, A ~ Z[e5'| @ Z

@ with Zs-(integral) action given by C = ((1) :% )

@ Thus 1
Ms1 = (BLs,Lg, Lp, Le,)\R®

with 23
—1/2 —v/3/2
B = (\/g/g —1/2 ) S 50(3)
1

where fi, f>, e3 is a Z-basis of A3 1 = XZ? & 7 and
X € GL3(R) is such that X C X' =B
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Spin group and maximal torus

@ The spin group Spin(n) is the universal covering of SO(n)
7 : Spin(n) 2 SO(n) n>3

e A maximal torus of Spin(n) is given by

T={x(t1,....tm) 1 t1,.... tm e R,m=[3]}

m

X(tl, ceey tm) = H(COS tj + sin tj ezj,legj)
j=1

where {e;} is the canonical basis of R”
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Spin representations

The spin representation of Spin(n) is the restriction (L, Sp)
of any irreducible representation of Cliff (C")

dim¢ S, = 2[/2

o

e (Lp,Sy) is irreducible if n is odd

e (Ln,Sy) is reducible if nis even, S, =S} @S,
o [ .= Ly s+ are the half-spin representations

n
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Characters of spin representations

Characters of L,, L?,E are known on the maximal torus

Lemma (Miatello-P, TAMS ‘06)

m
Xe, (x(t1, ., tm)) = 2" [ [ cos t;
j=1

m m
Xt (x(t1,... tm)) = 2'"_1(Hcos " Hsin tj)
! j=1 j=1

where m = [n/2]
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Spin structures

Let

@ M = orientable Riemannian manifold

e B(M) = SO(n)-principal bundle of oriented frames on M
A spin structure on M is

e an equivariant double covering p : B(M) — B(M)
o B(M) is a Spin(n)-principal bundle of M, i.e.
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Spin structures on compact flat manifolds

@ The spin structures on M are in a 1-1 correspondence with
group homomorphisms ¢ commuting the diagram

Spin(n)
r —— SO(n)
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Spin structures on compact flat manifolds

o Let Mr be a Zp-manifold, I = (y,A=7Zf & --- & Zf,).
Then ¢ is determined by

e(v) and dj = ¢e(Ls) € {£1} 1<j<n

@ J necessary and sufficient conditions on € : ' — Spin(n)
for defining a spin structure on Mr when F ~ ZX or F ~ 7,

[Miatello-P, Math Z. '04]
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Spin structures on flat manifolds

e Not every flat manifold is spin [Vasquez '70]
e Flat tori are spin [Friedrich ‘84]

o ZX-manifolds are not spin (in general) but

Zp-manifolds are always spin [Miatello-P '04]
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Spin structures on Z,-manifolds

@ every F-manifold with |F| odd is spin (Vasquez, JDG ‘70)

@ thus every Z,-manifold is spin

e if M is spin, the spin structures are classified by H'(M, Z,)
o If M is a Zp-manifold, since H(M, Z,) ~ Z5*¢,

#{spin structures of M} = 2b+c = oA
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Spin structures on the models M)¢(a)

Proposition

A Zp-manifold M admits exactly 251 spin structures, only one of
which is of trivial type.

IfM = ngac (a), its 25%¢ spin structures are explicitly given by
€|A = (1;---31;517---7517--~75b7~-';5b35b+17~--;5b+c—17(71)h+1)
——— —— —_———
a(p—1) P P
g+l
e(y) = (~)EPIETTA o (2, 28, 4

with h = 1,2.
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Notations:

o cip = (e(Lg),...,e(Lg)) € {£1}"

° Xy(t1, to, ..., tq) = x(t1,t2,..., tg,..., t1,t2,..., tg) a€N

1 a
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Spin structures on exceptional Z,-manifolds

RENEILS
If M is an exceptional Zy-manifold, i.e. M ~ Mg,’g(a), then M has
only 2 spin structures €1, given by

enn = (1,...,1,(-1)"1)

att ™
en(y) = (-1 LT 1Hhtt (2,20 am)

with h = 1,2. In particular, g1 is of trivial type
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Twisted Dirac operators on flat manifolds

e Let (Mr,e) = compact flat spin n-manifold
p: T — U(V) = unitary representation such that pjp =1

@ The spin Dirac operator twisted by p is

é 9
D, =" Ly(e) —
i=1 !

where {e1,..., ey} is an o.n.b. of R”

R. Podestd (FaMAF-UNC, CIEM-CONICET) Dirac eta series and eta invariants of



Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta serie: »,-manifolds
f Zp-manifolds
e £ =0

Twisted Dirac operators on flat manifolds

D, acts on smooth sections of the spinor bundle
D, : T°(S,(Mr,€)) = T(S,(Mr, €))
where
Sy(Mr,e) =T\(R" x (S, ® V)) = NR"
7 (w®v) = (1x, L(e(7)) (W) @ p(7)v)
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The untwisted case £ = 0

Spectrum of D, on compact flat manifolds

@ The spectrum of D, on (Mr,¢) is

Speco,(Mr,<) = {A = +2m1: = ||v].v € A7}

with multiplicities

+
dpvu(r, £)

where

N ={ueN:e(ly)=e>* vreAl
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Eta invariants -manifolds
The untwisted case £ = 0

Multiplicities

Theorem (Miatello-P, TAMS ‘06)
(i) for p > 0:

—2miu-b
d;‘,:u(ra 5) = ﬁ Z XP(’Y) Z € 2 X ig(uﬂx,y)(x’)/)

y=BL,eA\T ue(A: ,)B

with (A2 ,)B = {v € AZ : Bv = v,]||v|| = u}
(i) for p =0:

dp70(l',5) = YEAT
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isted case £ = 0

Notations

From now on we consider
@ p=2g+1 an odd prime
® M = Zp-manifold of dim n

@ ¢ = spin structureon M, 1 < h < 2b+c

@ For 0 </ < p—1, the characters
2nmike
pe:Zp— C* ke »
e D, = Dirac operator twisted by py
+ . gt
o df,lhh = dpé,#(/\/héh)
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The untwisted case £ = 0

Spectral asymmetry: n(s) and the n-invariant Eta series of

The eta series for Z,-manifolds

e We will compute 7p,(s) for any Z,-manifold, 0 < ¢ < p—1

@ Recall that

7 +2rpe A (271’/1,)5

o Although the expressions for dlfl,:y,h are not explicit,
, can be computed

. +
the differences dg%h — dg%
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The untwisted case £ = 0

An important reduction for flat manifolds

@ By a result in [Miatello-P, TAMS ‘06],

ng>1 VBL,el = Specp(M) is symmetric

thus

dZu,h - Zu,h = nD(S) =0 J

e For Zy-manifolds, since ng =1 < (b,c) =(0,1) then

n(s) =0 for non-exceptional Z,-manifolds J

R. Podestd (FaMAF-UNC, CIEM-CONICET)

Dirac eta series and eta invariants of



isted Dirac operators
Spectral asymmetry: n(s) and the n-invariant i manifolds
Eta invariants of Z,-manifolds
The untwisted case £ = 0

An important reduction

@ Thus, it suffices to compute

+ —
de,u,h - dé,u,h’ 1e,h(S); 1e,h
for the exceptional Z,-manifolds only

@ In particular,

0,1
we can assume that M = M,’,(a)

(i.e. b= %e,,)
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The differences d(fmh —d,;

4, 1i,h

Key lemma

For an exceptional Z,-manifold (M, ) we have

p—1

dZu,h — 0y uh = Fpa Z(_l)k(hH) (%)a e » sin(==

k=1

where

P=1ya41 mi1 21|
fipa = (—1)75 )2t jmHl 2 pa=

and () is the Legendre symbol
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Sketch of proof |

@ Apply the general multiplicity formula to this case

2mitk o,
Bt =5 2.€ " DL €PN st 0 (E(7)

)Bk n—1

o note that (A?,)B* = (Z + 1)e, and hence

(AL, 0B = {uen}
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Sp?ctrum of t d Dirac operators
manifolds
p-manifolds
ted case £ = 0

Spectral asymmetry: n(s) and the n-invariant

Sketch of proof Il

@ Thus, we get

din =1 (2" 1yAth+Ze2"p'”5 »(K))

7”‘7

where

—2mipk 2mipk

Sen(k) =€ 7 xpx (@) e P xx (ea(7"))

(only 2-terms sums)
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Spectrum of 1 Di operators
Spectral asymmetry: n(s) and the n-invariant Eta seri manifolds
ants of Zp-manifolds
isted case £ = 0

Sketch of proof Il

@ Note that

en(v¥) = (~1)k x, (hz 2km  gkm)

for 1 < k < p, where

shi = k([T ]a+ h+1)

e Compute
X () = (1 2m i (f[ cos(£)) i (ﬁ sin(27)) "}

@ compute the blue trigonometric products
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of nifolds

Eta invariants -manifolds
The untwisted case £ = 0

. _l’_ B i
The differences d, , —d,  ,

Let (M,ep,) be an exceptional Z,-manifold and put r = [7]. Then
+ —
Ypuh = epun € PL

for0 <{¢<p-—1, h=1,2. More precisely,

(i) /f a is even then
+ —
o0~ o,

B +(—1)"p2 plh(LF p)
dlj,—u,h - dé,u,h =

h="0

0 otherwise
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of manlfolds

Eta invariants of Z,-manifolds
The untwisted case £ = 0

The differences d(; h— don

Proposition (continued)
(ii) If ais odd then

_ 7 _ a—1
dZM,h - d@,u,h = (_1)q+ ((M) o ( MJFM))) p 2

p p

In particular,

d+,LLh_d0_,uh: 0 a—1 P=
R I L
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Spectrum of 1 Di operators
Spectral asymmetry: n(s) and the n-invariant Eta seri manifolds
Zp-manifolds
The untwisted case £ = 0

The differences dg;hh —dy

Sketch of proof
@ Rewrite dZu,h — d[’u’h in terms of “character GauB3 sums”

. a_
—imtt2pi T F (¢, ¢,) a even

p2

+ - _
dZ,,u,h_df,mh B .mi1 2_1 (1) px
—imt2p (=) FP(¢,cu)  aodd

where
Xo = trivial character mod p
Xp = quadratic character mod p

@ Compute the blue GauB sums
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Spectrum of ted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series manifolds
Eta invariants of Z,-manifolds
The untwisted case £ = 0

The eta series 1,.4(s)

n¢.n(S) can be computed in terms of Hurwitz zeta functions

= 1
C(Saa):Zm

n=0

where
a € (0,1] Re(s) > 1

Note that
((s,1) =¢(s)
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of Zj-manifolds

Eta invariants of Z,-manifolds

The untwisted case £ = 0

The eta series 1,.4(s)

Theorem
Let (M, ep) be an exceptional Z,-manifold. Put r =[], t = [§].

(i) If ais even then 1o 1(s) = no2(s) =0 and for £ # 0

1¢,1(5)

G P (o3 -ed=)  12e<q
Me2(s) =
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Spectral asymmetry: n(s) and the n-invariant

The eta series 1,.4(s)

Theorem (continued)
(ii) If ais odd then

—1)ttr a1 =

mea(s) = Gy o7 3 ((
j=1
(o a1 R

me2(s) = “Gmpy P2 ((
j=0

In particular, ng p(s) = 0 for p

Spectrum of twisted Dirac operators
Eta series of Zj-manifolds

Eta invariants of Z,-manifolds

The untwisted case £ = 0

£y - (&) ¢(s, )
20—(2j+1) 204(2j+1)

2y _ (

)) <,

P

2j+1
2p

)
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operators
Spectral asymmetry: n(s) and the n-invariant a Z nifolds
-manifolds
The untwisted case £ = 0

Computation of eta invariants

We will now compute, for 0 </ <p—1,
@ the eta invariants
ne = 10(0)
@ the reduced eta invariants

g+ dimker Dy

> mod 7Z

e
@ the relative eta invariants

e — 7o
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of Z nifolds
Eta invariants of Zp-manifolds
The untwisted case £ = 0

Eta invariants 7y

Let (M,ep,) be an exceptional Zy-manifold. Put r = [§], t = [§].

(i) If ais even then
no,n =0
and for { # 0

nea = (=1)"p2~t (p—20)
ne2 = (—1)"p2 ' 2([£]p - ¢)
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of Zp-manifolds

Eta invariants of Zp-manifolds

The untwisted case £ = 0

Eta invariants 7y

Theorem (continued)
(ii) If ais odd then

(-1t +1p°s S7(¢, p) p=1(4)
T comeTsten+ 2T (@) p=3
(~1)9+1p%% (S5 (4,p) — (2)ST(6,p)) p=1(4)
nea =4 (CDRT{SF(6p)+ (2) ST p)+
p—1
+1-GN3 L ()i} p=304)
&
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Spectrum of t d Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series o

Eta invariants

The untwisted c

Eta invariants 7y

where
p—t=1 =1
SEp)i= > (L) £ Y (%)
j=1 j=1
pr[2] p2t 20 (%] o1
Ssp)= Y. (4 =* (4)
j=1 j=1
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operators
Spectral asymmetry: n(s) and the n-invariant a Z nifolds
-manifolds

The untwisted case £ = 0

Eta invariants 7,

Sketch of proof

o Evaluate 1 4(s) in s = 0, using that ((0,a) = 3 — o
@ a even trivial, a odd:

p—1

a0 = (NPT S (G () G- )

ral0) = (-7 3 () - () (25t - )
Jj=0

@ Study the violet sums!
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series o i

Eta invariants
The untwisted case £ = 0

Eta invariants 7y p: integrality, parity

(i) If (p,a) # (3,1) then

Neh € pL
Furthermore, 1. is even, 11 is odd and 1y is even (¢ #0)

(ii) If (p, a) = (3,1) then

_ ] T3 =0 —=4/3 (=0,1,2
e = 1/3 £:1’2 T2 = =Y i

Ne.h = % mod 7Z
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Spectrum of t d Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series o manifolds

Eta invariants p-manifolds

The untwisted case £ = 0

dim ker Dy

It is known that

dimker D = multiplicity of the O-eigenvalue (do)

= # independent harmonic spinors (hp)

So, we will compute

dyo,h := dio(en) = dimker Dy J
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of olds

The untwisted case £ = 0

dim ker Dy

Proposition
Let (M,ep) be any Zp-manifold, 1 < h < 2b+e.
Then dyo., =0 for h # 1 and

_ 275 ((atb)a o (_1\(Et)(a+b) _
dooey = 22— (2099 4 (-1)(55 (Peo—1)) € Z

In particular, if b+ c > 1 then dyg 1 is even forany 0 </ <p—1
while if b+ c =1 then dy,1 is even and dpg 1 is odd for £ # 0.

R. Podestd (FaMAF-UNC, CIEM-CONICET) Dirac eta series and eta invariants o



Spectral asymmetry: n(s) and the n-invariant

The untwisted case £ = 0

dim ker Dy

sketch of proof:

@ We have
p—1
2mikl
£,0,e1 % € P Xy, (’yk))
k=0
and
er(yF) = (F)HERNED) o (2 gk
@ Thus
p—1 q . a+b  2rike
droy =2 Z(—l)k[%ﬂ](""*b) <HC°S (J%ﬂ)) e
k=0 j=1
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of anifolds

The untwisted case £ = 0

The reduced eta invariant of Z,-manifolds

Recall that 7y = %(W,h + dpon) mod Z

Studying the parities of 7y, and dp ¢, we get our main result

Theorem (A)

Let p be an odd prime and 0 < ¢ < p — 1. Let M be a Z,-manifold
with spin structure ey, 1 < h < 2+ Then

% mod 7 p=n=3

Meh = Vi, h

0 modZ otherwise

Moreover, the relative eta invariants are

Me,h — Mo,p = 0
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Spectrum of t d Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series o

P
The untwisted case £ = 0

The exception: the tricosm

@ There is only one Zp-manifold with non-trivial reduced eta
invariant

@ The tricosm: the only 3-dimensional Z3-manifold M = M3 ;
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operators

Spectral asymmetry: n(s) and the n-invariant
Zp-manifolds

The untW|sted case £ =0

Case / =0

e In the untwisted case £ = 0 we have a better insight

e and there is a closer relation with number theory

We can put

@ 7)(s) is in terms of the L-function
SR
L(vap) = Z s re Z(E)C(S7 P

@ 7 is in terms of class numbers h_, of imaginary quadratic

fields Q(/~p) = Q(i\/p)
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of Zp-manifolds

Eta invariants of Z,-manifolds

The untwisted case £ = 0

Case ¢ = 0, eta series

Theorem ([Miatello-P, PAMQ ‘08])

Let (M, ep,) be a Zp-manifold of dimension n.

If M is exceptional and n = p =3(4), a=1(4) then
10,1(5) = (Zroys P L(s,xp)

a—1

770,2(5) = (27r2p)5 p 2 (1 - (%) 25) L(s, Xp)

In particular,
no,2(s) = ((%) 2° — 1) no,i(s)

Otherwise we have g 1(s) = 1n02(s) =0
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of Zp-manifolds

Eta invariants of Z,-manifolds

The untwisted case £ = 0

Case ¢ = 0, eta invariants

Theorem ([Miatello-P, PAMQ ‘08])

In the non-trivial case before we have 1 € pZ except forn=p =3
(the tricosm). More precisely:

(i) If p=3 then g1 = —2.3% and 1., —4.3°7

(ii) If p > 7 then
a—1
M1 =—2p 2 hp

No,2 = ((%) - 1) Ney = { 0 il

p=7
4p2 h_, p=3(8)

where h_, = the class number of Q(\/—p)
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Spectrum of twisted Dirac operators
Spectral asymmetry: n(s) and the n-invariant Eta series of

Eta invariants of

The untwisted case £ = 0

Case ¢ = 0, trigonometric expressions

Proposition ([Miatello-P, PAMQ ‘08])

The eta invariants of an exceptional Zp-manifold (M,ey) can be
expressed in the following ways

a—2 P~1 a—2 P2 )
no1 = —p 2 (K) cot(™X) = —p 2 cot("5")
k=1 k=1
=182 K (K K
M2 =p 2 (=1)" (5) esc(%)
k=1
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Spin bordism
Zp-structures
Equivariant bordism Equivariant spin bordism
Reduced equivariant spind bordism

Spin bordism

Let (M;,e;), i = 1,2, be compact oriented spin manifolds of
dimension n.

@ (My,e1) and (Ma,e7) are spin bordant if there exists a
compact spin manifold (N, ¢) such that

ON = My U —M>

em; =¢€i, =12

@ The spin bordism group is

MSpin, = {[(M", )]}
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Spin bordism
Zp-structures
Equivariant bordism Equivariant spin bordism
Reduced equivariant spind bordism

Zp-structures

Let M be a closed compact oriented manifold

@ An equivariant Z,-structure o on M is a principal Z,-bundle

Lp— P —M

o For example, the trivial Z,-structure og

Zp —MXxZp— M
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Spin bordism
Zp-structures
Equivariant bordism Equivariant spin bordism
Reduced equivariant spind bordism

Equivariant spin bordism

Let (Mj,ei,0i), i = 1,2, closed compact oriented spin manifolds
with equivariant Zp-structures.

o (My,e1,01) is Zp-equivariant spin bordant to (Ma, g2, 05) if
there is a compact oriented spin manifold (N, €, o) such that

ON = My U —M>

E|m; = Eis  O|M; = O, =12

@ The equivariant spin bordism group is

I\/ISpinn(BZp) = {[(an g, U)]}
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Spin bordism
Zp-structures

Equivariant bordism EdlAi'\_/al'ialwt spin bordism
Reduced equivariant spind bordism

Reduced equivariant spin bordism

@ The forgetful map
F : MSpin,(BZp) — MSpin,
given by
[(M,e,0)] = [(M,¢)]
@ The reduced equivariant bordism group is

MSpin,(BZ,) = kerF
{[(M,e,0)] : [(M,e)] =0 in MSpin,}
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Spin bordism
Zp-structures

Equivariant bordism EdlAi'\_/al'ialwt spin bordism
Reduced equivariant spind bordism

Reduced equivariant spin bordism

@ We have the natural isomorphism

MSpin,(BZ,) ~ MSpin,(BZ,) & MSpin,

o Let 7 : MSpin,(BZ,) — MSpin,(BZ,) be the projection

(M, e,0) =[(M,e,0)] — [(M,e,00)]
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Spin bordism
Zp-structures
Equivariant bordism Equivariant spin bordism
Reduced equivariant spind bordism

Reduced equivariant spin bordism

Theorem (Gilkey '88)

Let M" be an oriented spin manifold with an equivariant
Zp-structure on it, p odd prime. Let M := (M, ¢,0). Let
1</ < p—1andlet T be a representation of the spin group.
Then

. —_ —_ . 1
(i) (y — 715)(M) takes values in Z[3]/Z.
(ii) If (M) = 0 in MSpin,(BZy), then (7j; —7j§)(M) =0 in R/Z.
(iii) If the twisted relative eta invariants (7] — 775)(/\/1) vanish for
all 7 and ¢, then w(M) vanishes in MSpin,(BZp).
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Spin bordism
Zp-structures
Equivariant bordism Equivariant spin bordism
Reduced equivariant spind bordism

Reduced equivariant spin bordism of Z,-manifolds

Theorem (A) + (iii) of Theorem Gilkey'88 implies the
second main result, Theorem (B):

Theorem (Gilkey)

Let (M,e,0p) and (M, e, 09) denote a Zp-manifold M equipped
with a spin structure € and with the natural and the trivial
Zp-structures

0p i Lp— Th = M, 00:2p—MxZp,—M

Then

[(M,e,0,)] — [(M,e,00)] = 0 in M Spin,(BZ),)
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Trigonometric products
GauB sums
Sums of Legendre symbols

Appendix: number theoretical tools

Legendre symbol

Definition
For p an odd prime, the Legendre symbol of kK mod p is

(5) 1 if x> = k (p) has a solution

P —-1 if x> = k (p) does not have a solution

if (k,p) =1 and (g) = 0 otherwise

We have
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

Trigonometric products

Let p=2qg+ 1 be an odd prime, k € N with (k,p) = 1. Then
: T jk k—1)(2=1) (&
() TTsintEr) = (-n* DD (%) 279 vp
j=1
q . e
(i) Jcos(4r) = (—1)k-D(T) 279
j=1

R. Podestd (FaMAF-UNC, CIEM-CONICET) Dirac eta series and eta invariants of Zp-manifolds



Trigonometric products
GauB sums

. 3 ms of Legendre symbols
Appendix: number theoretical tools Sims off (LezEnelie symivst

Sketch of proof

(i) use

@ identities of '(z)

(i) follows from (i)
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

Classical character GauB sums

For ¢ € Ny the character GauBB sum is

p—1

G(4,p) == G(xp:?) ( ) 27”“
k=0

We have

(H)ve  p=1()

COTUi e emse
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

Modified character GauB sums

ForpeP, /€Ny, ceN, 1< h<2, x acharacter mod p we
define

p—1 mik (2046, ,)
GX(0) =) (DM x(Kk)e P

X = k(h+1) itk Tk (2c+6,,)
FX(l,c) = (-1) x(k)e P sin (T)

We want to compute GX(¢) and F*(¢, c) for
@ x = xo = trivial character mod p
@ x = xp = quadratic character mod p given by (5)
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Appendix: number theoretical tools

The sums G/X(¢)

Gy’ (0)

Gy"(0)

R. Podestd (FaMAF-UNC, CIEM-CONICET)

Trigonometric products
GauB sums
Sums of Legendre symbols

A
L

2emik

> e ”

k=1

p—1 (20+1) ik
(e

k=1

p—1 oo 2ik
(5)e P

k=1

p—1 (204+1)mik
(D (kye P

k=1
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

The sums G°(¢)

We have,
G°()=G°()=p—1 modp

More precisely,

p—1 ple
- |

-1 pte
G2X°(€): p—1 pl2¢+1
1 pr2e+1
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

The sums G, ()

We have

where

In particular, G;**(¢) = 0 if p| £ and Gy*(£) =0 if p| 2+ 1
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Appendix: number theoretical tools

The sums F*(¢, ¢)

Trigonometric products
GauB sums
Sums of Legendre symbols

P=1  oprik
FX°(t,c) =1 e P sin (%K)
k=1
p-1 2erik
FXO(te)=Y (-1)ke P sin ({2etDrk)
k=1
p—1 2wk
Fo(le)=> (%)e P sin(3TK)
k=1
p—1 ik
FXr(te) =D (-1 (5) e b sin (Gt

x
Il
-
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

The sums F*°(¢, ¢)

We have
Q Ifp|l then F°(¢,c) =0 for h=1,2
Q Ifptl then

+i g ifp|lFc
Fo(te)=43  °
0 otherwise
0 3 =S ifpl2(lFc)F1
2 (67 C) - .
0 otherwise
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Trigonometric products
GauB sums

. 3 Sums of Legendre symbols
Appendix: number theoretical tools &2 ?

The sums F,*(¢, c)

We have
FP(¢,c) =id(p) () — (B9)) ¥

2
F2><p(£7 C) _ i5(p) (%) ((2(e—c)—1) . (2(£+:)+1 )) @

In particular, if p| ¢ then
lep(gv C) = {

p=1

p=3
0 =1(4
0O s s
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

For 0 < /¢ < p— 1, we want to compute the sums

sitep) =30 (5 - (49)
S(6.p) = p—1 ((257(2#1)) . (2€+(2j+1)))j
j=0
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

(2éi(ij+1)) _o
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

() - 3 () - () 3 (4

-
Il
o
-,
Il
s
-
Il
e
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

pS; (4 p) p=1(4)
Si(l,p) = L _p5+(£ p)_zz:l(i) p=3(4)
J
p(Ss(tp) - (R)Si(tp))  p=1(4)
Sa(t,p) = ‘P<52+(fvp) (2)S (¢, P)>
p—1
2(P -V (B p=3(4
=
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Trigonometric products
GauB sums

Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

where we have used the notations

p—L—1 . =1 )
Sttp)= >, (4) = (%)
p=t =
pt[2] p-2t-1 20-[2] p-1
Sp:= > (4 = (%)
j=1 j=1

Note that
Si(0,p) = 5:(0,p) =0

since >S1<j<p1 (5) =0
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Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

Dirichlet’s class number formula

We recall

@ h_, = class number of Q(v/—p) C Q(&p),
® w_p, = the number of p*-roots of unity of Q(\/—p).

In fact, and h_3 =1, w_3 =6 and w_, =2 for p > 5.
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Appendix: number theoretical tools Sums of Legendre symbols

Sums involving Legendre symbols

Corollary

For p > 5,
B 0 p=1(4)
51(0,p) = { —2h_, p=3(4)
0 p=1(4)
Sz(E,P):{ 2((%)_1)/,7,) p=3(4)
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Summary of results

We have
© considered the “models” M25(a) of Zp-manifolds

@ given an explicit description of the spin strucures of I\/I,[,’jg(u)

© explicitly computed, for twisted Dirac operators Dy acting on
an arbitrary Z,-manifold (Mr,ej), the following

the eta series 7, 4(5)

the eta invariants 7, ,

the number of independent harmonic spinors d;
the reduced eta invariants 7, , = 0 (except for M3 1)
the relative eta invariants 7, , — 7o.n = 0

© applied this to study the reduced Z,-equivariant spin
bordism group M Spin (BZ,) of Z,-manifolds
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Note on methodology

% There are indirect methods to compute 7-invariants
(representation techniques, computing /Ind(D)geo — Ind(D)1op)

% However, we have performed the direct approach, that is, we
have explicitly computed

©Q the spectrum +2mu, dei“ h
d+

Q the eta series 1y(s) = (271r)5 > AHA’T}L_F
n#0

dﬁ#t,h

© the different eta invariants

e, 7o = 3(n¢ + dimker ;) mod Z, e — o
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Thanks!
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