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Abstract

Let K be a compact subset in Euclidean space R™, and let Ex ()
denote the total amount of heat in R™\ K at time ¢, if K is kept at fixed
temperature 1 for all ¢ > 0, and if R”"\ K has initial temperature 0. For
two disjoint compact subsets K1 and K5 we define the heat exchange
Hyg, k,(t) = Ek,(t) + Fk,(t) — Ex,uk,(t). We obtain the leading
asymptotic behaviour of Hg, k,(t) as t — 0 under mild regularity
conditions on K; and K.



1 Introduction

Let K be a compact set in R™, and let u : R™ \ K x [0,00) — [0,00) be the
unique weak solution of the heat equation

Au:%, reR™MK, t>0, (1)
with initial condition
u(z;0) =0, xe€R"\K, (2)

and with boundary condition
u(z;t) =1, z€dK, t=>0. (3)

Let
Ex = u(z;t)dx. 4

Then E(t) represents the total amount of heat in R™\ K at time ¢, if K is
kept at fixed temperature 1 for all ¢ > 0, while R™\ K has initial temperature
0.

In this paper we investigate the reduction of the heat flow from K in the
presence of a second disjoint compact subset. Let K7, Ko, be a pair of disjoint
compact subsets in R™, and define the heat exchange Hg, k, : [0,00) — R
by

HKLKQ (t) = EKl (t) + EKz (t) - EK1UK2(t)' (5)
It is well-known [1, 2], that if K, and K3 have C* smooth boundaries 0K
and 0K, respectively, then there exists coefficients b%l), 553) ,n € N such that
for any N € N

N
Ei,(t) = Y o0t"/2 1 0(NI/2) 0,0 =1,2. (6)
n=1

Since the b are locally computable in terms of the curvature and its deriva-
tives we have that

N 2
Ex,uk,(t) = Z Z bg)tnm + O(t(NJrl)/Q)’ 0. (7)
n=1 i=1

It follows that for any N € N

]‘.,[(17](2 (t) - O(t<N+1)/2), t — 0 (8)
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The main result of this paper is a refinement and generalization of (8)
(Theorem 1). Let B(x;¢€) denote the closed ball with centre x and radius e,
and denote by Cap(K) the Newtonian capacity of a compact set K in R™ if
m > 3. Let |A| denote the Lebesgue measure of a Borel set A in R™. We
make the following hypotheses.

(i) If m = 2 then

|[K N B(x;e)| >0, ze€K, €>0. 9)

(ii) If m > 3 then
Cap(K N B(x;e)) >0, z€ K,e>0. (10)
Theorem 1. Let K1, Ky be disjoint compact subsets in R™. Suppose that
both Ky and Ky satisfy (9) if m =2 and (10) if m > 3. Then
lim ¢ log Hp, ki, (t) = —d? /4, (11)

where
d= min{|x1 — SE2’ I € aKl,QZQ € 8[(2} (12)

Moreover, t — Hp, k,(t) is strictly increasing on [0, 00).

A classical theorem of F.Spitzer [10] asserts that if K is compact and
non-polar then

Ex(t) = Cap(K)t + o(t), t — 00 (m > 3), (13)
EK(t):f)%+o<(lo;)2>, f—oo  (m=2).  (14)

The large time behaviour of Hg, f,(t) can be read-off from (13) and (14)
respectively:

Hpg, i, (t) = (Cap(Ky) + Cap(Ksy) — Cap(Ky U Ky))t + o(t), t — oo(m > 3),
(15)
Hiew 1, () = é—gi+o (@) o0, (m = 2). (16)

It is straight forward to read-off refinements to (15), (16) from the results in
[4, 5, 10].

The main motivation for proving Theorem 1 came from a conjecture [3]
on the asymptotic behaviour of the heat trace coefficients in the expansion of
the heat trace for a region in R™. Let ) be an open, bounded and connected
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set in Euclidean space R™ and let Ag denote the Dirichlet Laplacian for €.
It is well-known that for any N € N

N
trace(e®?) = (4xt) ") "a; (P + O 0, (17)
j=0

where the a;(Q),7 = 0,1,2,... are locally computable geometric invariants
of Q [6, 9]. Let £(Q2) denote the length of the shortest closed periodic geodesic
in Q. It was conjectured that the behaviour of a;(€2),j — oo is related to
0(Q2) by formulae (4), (19), (21) in [3]. To see that this cannot hold in general
we give two (counter) examples.

Example 2. Let m = 2, and let

Q. = {(71,712) €R? : ¢ < |2] < 1}, (18)
QF = {(z1,22) € R?: |z| < 1, |(z1 — p, x2)| > €}, (19)

where 0 < ¢ <1 and 0 < p <1 —e. Since the coefficients a;(€2.), a;(22) are
locally computable invariants we have that

a; () = a;(Q2), j=0,1,2,---. (20)
On the other hand
() =2(1—¢), L) =201-e—p) (21)
The second example goes back to Example 7.1 in [7].

Example 3. Let m = 2, and let

P.={(z1,22) €R?: x| <1, |zs <1—¢}, (22)
Q. ={(z1,20) ER*: |z| <1, 21 <1—¢, 25<1—¢}, (23)

where 0 < e < 1. We smooth out the corners of OP. at x5 = (1 —¢) and of

8@8 at r;1 = 1 —¢, 9 = 1 — ¢ isometrically to obtain convex open sets P., Q).
with C'*™° boundary. We have that

aj(PE):aj<Q€)7 j:()71727"' s (24)

and

E(Ps) = 2(1 - 5)’ 6(@6) = 2(2 - 5)' (25)



Since the Weyl series (17) are identical for the pair €., Q?, we have that the
difference of the heat traces cancels up to any order O(t"):

trace(e'*?) — trace(e’®2) = O(t"), t — 0. (26)

Theorem 5 in Section 3 shows that the left hand side of (26) is strictly positive
for all ¢ sufficiently small and that

1
tlim tlog(trace(e'92) — trace(e'A%¢)) = —16(95)2. (27)

While the Weyl series for 22 does not determine ¢(€2?) comparison of the heat
traces for €22 and (2. does determine the shorter of the two closed periodic
geodesics. This is very similar to the result given in Theorem 1.

Similarly one can show that for all ¢ sufficiently small

trace(e'®@=) — trace(e'>7=) > 0, (28)

and that )
lim ¢ log(trace(e’2@=) — trace(e'>7:)) = —ZE(PE)Q. (29)

t—0

Instead of proving (27) for the pair 2, €. and (29) for the pair Q., P-
respectively, we prove in Section 3 a comparison result (Theorem 4) for the
heat contents of regions with isometric obstacles. There we also state the
analogous result and generalization of (27) (Theorem 5) for the heat traces
of regions with isometric obstacles. The proof of Theorem 1 will be given in
Section 2.

2 Proof of Theorem 1

Proof. Let (B(s),s > 0;P,,z € R™) be a Brownian motion associated to the
parabolic operator —A + %. For a closed set K in R™ we define the first
hitting time of K by

Tk =inf{s >0: B(s) € K}. (30)
The solution of (1-3) is given by

u(z;t) =P, [Tk < t]. (31)



Since K; and K, are disjoint we have by (4) and (31)

EK1UK2 (t)

:/ dz Py Tiewon, < 1] — |K1 U K|

:/ dr P, [Tk, gt]+/ dx P, [Tk, gt]—/ dr P, [Tk, <t,Tk, <t
— | K3 U K|

= EK1 (t) + EKQ(t) — / dz Px[TKl S Zf,TK2 g t]

m

(32)

By (5) and (32)
Hiew e, () = / dz P, [T, <t Ty, < 1. (33)

Since K, Ky are non-polar, (33) is strictly increasing on [0,00). To prove
(11) we first obtain an upper bound for Hg, g, (t). By (33)

m

HK1,K2(t> - / dx Px[TKl < TKz S t] +/ dx PIE[TK2 < TK1 S t]? (34)

since the set of Brownian paths for which T, = T%, has Wiener measure
zero. By the strong Markov property

Po[Tr, < Tk, < 1] = Eo[lry, <t Poiry) [Ty <t —Tk,]]

(35)
< E:[lr, <t Peiy) [Tk, < t].
It follows from Lemma 1.2 on p.2 in [8] that if C' is a closed set then

where d(z, C) is the distance from = to C. Putting B(Tk,) = z and C' = K,
we obtain by (36)

Poric) [Tr, < 1] < 2(4mt) ™/ / e WP/ (40 gy (37)
{y: ly|>d}
Hence by (35), (37)
P [Tk, < Tr, < 1] < 2P, [Tk, < t](47t)~™/? / e WP gy (38)

{y:ly|>d}
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Similarly we obtain that
Pz [TKQ < TK1 S t] S 2]P>r [TKQ < t] (47Tt)_m/2/ 6_‘y|2/(4t)dy' (39)
{y:ly|>d}

Integrating both sides of the inequalities (38), (39) with respect to x over
R™ we obtain by (34)

HK1,K2 (t)
—m/2 “lyl2/(4t) (40)
< 2(|K1| + | Ka| + Bk, (1) + B, (1)) (47t) e W0y,
{y:ly|>d}
Let € € (0,1) be arbitrary. Then
/ o/ (40) gy < o= P1-0)/(a0) / e—elul?/(40) g
{y:lyl>d} {y:lyl>d}
< o~ (1-9/() / e~/ gy (41)

_ (47Tt/€)m/26_d2(1_6)/(4t).

Let to = d?. Since K7, Ky are non-polar, F, (t), Ex,(t) are strictly increasing
on [0, o]. Hence by (39), (40) we have for 0 < ¢t < ¢,

Hiy i (1) < 2K | + K| + B (to) + i () ™ 2em @079/, (42)

Hence
limsuptlog Hy, k,(t) < —d*(1 — €) /4. (43)

t—0

Since € € (0, 1) was arbitrary we obtain

limsuptlog Hy, x,(t) < —d*/4. (44)

t—0

This proves the upper bound in (11).
To prove the lower bound we first consider the case m > 3. Let z; €
K;,x9 € K3 be such that |x; — 29| = d. Let € € (0, 1) be arbitrary. Then by



(34) and the strong Markov property

Hie 1, () > / dz P, [T, < Tig, < 1]

m

> dx ]P)x[TKlﬂB(:cl;ed) < TK2 < t]

m

Vv

vV
—r—r

dx Ex[]lTKlﬁB(zl;ed)<t]P>B(TK1ﬁB(11;ed))[TKQ <tl- TKlﬂB(ivl;ed)H

m

dzx Eﬂf[]lTKmB(xl;ed)<EtPB(TK1mB(x1;ed))[TKz <t- TKlﬂB(Il;ed)]]

m

Z dl‘ ExI:]ITKIOB(zl;ed)<Et]P)B(TKlﬁB(zl;ed))[TKQ < t(l - 6)”
> dx EmI:]lTKlﬁB(zl;ed)<€tIEDB(TK1ﬁB(II)1;€d))[TKQOB(:Ez;Ed) < t(l - 6)]]
(45)
Define the last exit time from the compact set K by
Lx =sup{s>0: B(s) € K}. (46)
By the results of Section 2 in Chapter 3 of [8]
R0 < Lic<tl = [ ds [ pleysshunldy) (47)
[0,t] K
where ,
p(z,y58) = (dms) "2 7ol /09, (48)

and where iy is the equilibrium measure for the compact set K. Recall that

[ ucldy) = Cap(e). (49)
For any 0 < € < 1/2 we have that

Pz[TKQOB(:z:Q;ed) < t(]_ — 6)] > ]P)Z[t(l — 26) < LKgﬁB(xz;ed) < t(l — €)]

50
2/ ds/p('z?y;S)MKQOB(mg;ed)<dy)' ( )
[t—2et,t—et]
For z € B(xy;€ed),y € B(xg;ed) and s € [t — 2et,t — et]
p(z,y; 3) > (4ﬂ_t)—m/26—d2(1+25)2/(4t(1—25))' (51)



By (49-51) we have for z € B(z1;€ed)

PZ[TKQQB(xQ;ed) < t(l - 6)] (52)
> et(4mt) ™2~ 1H29%/ WA=2) Oy (K, N B(a; €d)).
By (45) and (52) we conclude that

HKl,KQ(t) Z /m dz Pz[TKlﬁB(xl;ed) < Et] (53)
x et (dmt) "™ 2= T U2/ (WA=2) O (Ko N Blag; ed)).
It remains to find a lower bound for the integral in (53). By (46), (47) and
Fubini’s theorem

/ dx P, [TKIQB(m ed) < Et] / dx P, [LKIQB (z1ied) < Et]

/ dm/ dS/ Zr,Y;8 :u‘KlﬁB(fL‘l ed)(dy>
m [0,€t]

= et Cap(K, N B(zy;€ed)).
(54)

Putting (53) and (54) together, we see that

Hi, iy (1) > (et)?(dmt) ™2

x Cap(Ky N B(zy; ed))Cap(Ky N B(ws; ed))e™® 1527/ (41(1=26)
(55)

By the regularity hypotheses in Theorem 1 we have that both capacities in
the right hand side of (55) are strictly positive for any € > 0. It follows that

. d*(1 + 2¢)?
hrtli}glf t 10g HK17K2 (t) Z —m (56)
Since € € (0, 2) was arbitrary we conclude that
lim inf tlog Hic, rc, (t) = —d* /4. (57)

Theorem 1 follows for m > 3 by (44) and (57).
To complete the proof of Theorem 1 we consider the case m = 2. Let
2 = B(Tk,nB(z1:cq)) in (45). For any 0 < e < 1/2 we have that

P. [Tr,nBape) < t(1 — €)] > P.[B(H(1 — 2€)) € Ky N B(xa; ed)]

— (4rt)”! / ol-u/i-20)g,  (58)
KzﬂB(xQ;ed)



For y € KoN B(xg;€ed), |z —y| < d(1+ 2¢). Hence the right hand side of (58)
is bounded from below by

(47t) Y| Ko N B(; ed) e~ 14207/ (4201=26)) (59)
By (45)
Hi, i, (1)
> (4mt) MKy N Bag; ed)| e~ 1207/ (4t(1-26)) / Az Po[Tk,nB(ayed) < €t).
: (60)
But

/ dxP, [TKlﬂB(xl;ed) < Et] > / P, [TKlﬂB(x1;ed) < Gt]dJI
R2 K1NB(z1;ed)

> / B(et/2) € Ky N B(a: ed)]da
KlﬂB :1:1 Ed

/ dx/ dy(4mt) e levl/(2e)
Ki1NB(z1;ed) KiNB(z1;ed)

/ dx/ dy(4rt) e 24/t
KiNB(x1;ed) KiNB(z1;ed)

= (47t) YKy N By ed) [Pe 2/,

vV

(61)
By (60) and (61)

Hiye, i, (t) > (4mt) 2| Ky N B(y; ed) 2| Ko N B(ag; ed) e~ T (15207 (4t(1=2e) —2d¢/t

(62)
Hence
lim inf ¢ log Hi, , (t) > —d(1 + 2¢)°/(4(1 = 2¢)) — 2d°. (63)
Since € € (0,1/2) was arbitrary we conclude that
hmjonftlog Hp, x,(t) > —d*/4. (64)
This completes the proof of Theorem 1. n
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3 Heat content for regions with an obstacle

In this section we compare the heat contents of regions D in R™ with compact
isometric obstacles C' and C' respectively. Let C' be a compact subset of an
open, bounded and connected set D in R™. Let K = (0D)UC, and let u be
a solution of (1-3). We define the heat content of D\C' by

Qo) = [ ulwtye (65)
D\C
Let C be a subset of D where C is isometric to C , and put
d =min{|z; — x| : xy € 0D, x5 € C}, (66)
d = min{|z; — x| : 2, € D, x5 € C} (67)

Theorem 4. Suppose (R™\D) U C' satisfies (9) if m =2 or (10) if m > 3.
Suppose that d < d. Then for all t sufficiently small

Qpe(t) > Qic(t), (68)

and
lim tlog(Qp\(t) — @p\e(t) = —d? /4. (69)

Proof. We apply Theorem 1 with
Ky ={x e R™\D :d(z,D) < 1}, (70)

and Ky = C or Ky = C respectively. Since C' and C are isometric we have
that Ec(t) = Eg(t). Hence

Eruc(t) = By, ,6(t) = Hy, 6(t) — Hig o (1) (71)
Since
Ey06(t) = Erxiuc(t) = Qpya(t) — Qpe(t), (72)
we have that
H, ~(t
Qpalt) = Qp\e(t) = Hi, (1) (1 - %) : (73)
By Theorem 1 we have
) Hy,co(t)
lim ¢ log m = (d* — d*)/4. (74)
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Hence there exists ty > 0 such that for 0 <t < ¢,
Hy, o(t)/Hi, ot) < el @25, )

Hence for 0 < ¢t < ¢g
(1 _ e<dz_d~z>/<st>> Hp, o(t) < Qpa(t) < Hi, o). (76)
It follows that (68) holds for all 0 < t < ¢y. Furthermore, by Theorem 1

limsup t1og(Q p\&(t) — @p\c(t)) < limsuptlog Hy, o(t) = —d*/4, (77)
t—0 t—0

and
lim inf#log(Q ¢ (t) — @p\o(t)) > liminf tlog Hy, o(t)
+ lirtn ionftlog(l — e(dQ_‘P)/(St)) = —d*/4.
(78)
This completes the proof of Theorem 4. m

It is possible to prove a result analogous to Theorem 4 for the trace of
the Dirichlet heat semigroup. We omit the proof of the following.

Theorem 5. Suppose D,C and C satisfy the conditions of Theorem 4. Then
for all t sufficiently small

A

0 < trace(e">P\¢) < trace(e!®P\¢) < oo, (79)

where Ap\c, AD\(E are the Dirichlet Laplacians for the open sets D\C, D\é
respectively. Furthermore

lir%tlog(trace(emmc) — trace(e'*n\¢)) = —d?. (80)
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