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Homogeneous geodesics were studied first on homogeneous Riemannian manifolds.
See for example [3], [4], [13], [16], [17], [19], [21]. In this situation, a geodesic ()
through the origin p € M is homogeneous if it is an orbit of a one-parameter group
of isometries. Hence, v(t) = exp(tX)(p), were p € M is the origin and X € g is
a vector from the Lie algebra of the isometry group G. The vector X is called a
geodesic vector. There is an algebraic formula which characterizes geodesic vectors.
This formula uses the fact that any Riemannian homogeneous manifold is reductive
and also the scalar product on the tangent space of p.

Every Riemannian homogeneous manifold admits at least one homogeneous
geodesics (see [16]) and there are examples which admit just one (see [19]). If
all geodesics on M are homogeneous, M is called a g.0. manifold. Riemannian g.o.
manifolds were studied for example in [1], [6], [9], [12], [17]. The study is based
on geodesic graphs. Roughly spoken, a geodesic graph is an equivariant map which
assigns to every geodesic a geodesic vector which generates it. For a g.o. space, a
geodesic graph must exist on all T,(M).

On pseudo-Riemannian homogeneous manifolds, the study of homogeneous geodesics
started with the papers [10] and [23] written by phisicists and continued in the pa-
pers [5], [7], [8]. The algebraic formula characterizing geodesic vectors must be
generalized and it is applicable only for reductive manifolds. (There exist also non-
reductive homogeneous pseudo-Riemannian manifolds.) The generalization con-
cerns the fact, that the affine parameter of a null homogeneous geodesic v(s) may
be different from the parameter of the corresponding 1-parameter group exp(tX)
of isometries. (In the Riemannian situation, the parameter must be the same.)

For pseudo-Riemannian homogeneous manifolds with noncompact isotropy group,
we observe one more interesting fenomenon - an almost g.o. space. It is the mani-
fold, where geodesic graph can be defined on an open dense subset of T,(M), but
not on all T,,(M) (see [5]).

Recently, in [20], O. Kowalski and Z. V1dsek studied homogeneous geodesics on
affine homogeneous manifolds in dimension 2 using the classification of homoge-
neous affine connections obtained in [2]. They propose a new simple method of
investigation which cannot be used in full generality, but still works well in dimen-
sion two and maybe also in special situations in higher dimensions. As a main
result, they constructed a family of two-dimensional homogeneous affine manifolds
admitting no homogeneous geodesics and they also solved the problem of a canon-
ical re-parametrization of homogeneous affine geodesics in dimension two.

The study of homogeneous geodesics on examples of affine homogeneous man-
ifolds in dimension 3 is in progress now. In the talk, we are going to review the
older results on homogeneous geodesics on Riemannian and pseudo-Riemannian
manifolds, show the new method of investigation of homogeneous geodesics in affine
homogeneous manifolds and present the new results in dimension 3.

REFERENCES

[1] Alekseevsky, D., Arvanitoyeorgos, A.: Riemannian flag manifolds with homogeneous
geodesics, Trans. Am. Math. Soc. 359, 8 (2007), 3769-3789 (electronic).

[2] Arias-Marco, T., Kowalski, O.: Classification of locally homogeneous affine connections with
arbitrary torsion on 2-dimensional manifolds. Monaths. Math. 153 (2008), 1-18.

[3] Calvaruso, G., Kowalski, O., Marinosci, R.A.: Homogeneous geodesics in solvable Lie groups,
Acta Math. Hungarica (4) 101 (2003), 313-322.

1



(4]

(5]
[6]

[7]
(8]
(9]
(10]
(11]
(12]

(13]

(14]

[15]

[16]

[17]
[19]
[19]
[20]
[21]
[22]

23]

Calvaruso, G., Marinosci, R.A.: Homogeneous geodesics of three-dimensional unimodular
Lorentzian Lie groups, Mediterr. J. Math. 3 (2006), 467-481.

Dusek, Z.: Almost g.o. spaces in dimensions 6 and 7, Adv. Geom., to appear.

Dusek, Z., Kowalski, O.: Geodesic graphs on the 13-dimensional group of Heisenberg type,
Math. Nachr. 254-255 (2003), 87-96.

Dusek, Z., Kowalski, O.: Light-like homogeneous geodesics and the Geodesic Lemma for any
signature. Publ. Math. Debrecen 71, 1-2 (2007), 245-252.

Dusek, Z., Kowalski, O.: On six-dimensional pseudo-Riemannian almost g. o. spaces. Journal
of Geometry and Physics 57 (2007), 2014-2023.

Dusek, Z., Kowalski, O., Nikéevi¢, S.Z.: New examples of Riemannian g.o. manifolds in
dimension 7, Differential Geom. Appl. 21 (2004), 65-78.

Figueroa-O’Farrill, J., Meessen, P., Philip, S.: Homogeneity and plane-wave limits, J. High
Energy Physics 05 (2005), 050.

Kobayashi, S., Nomizu, N.: Foundations of differential geometry I, II, Wiley Classics Li-
brary, 1996.

Kowalski, O., Nikéevié, S.Z.: On geodesic graphs of Riemannian g.o. spaces, Archiv der Math.
73 (1999), 223-234; Appendix: Archiv der Math. 79 (2002), 158-160.

Kowalski, O., Nikéevié, S.Z., V14sek, Z.: Homogeneous geodesics in homogeneous Riemannian
manifolds - Examples, Geometry and Topology of Submanifolds, World Sci. Publishing co.,
River Edge, NJ (2000), 104-112.

Kowalski, O., Opozda, B., V1asek, Z.: On locally nonhomogeneous pseudo-Riemannian man-
ifolds with locally homogeneous Levi-Civita connections. International J.Math. 14,6 (2003),
1-14.

Kowalski, O., Opozda, B., V1dsek, Z.: A classification of locally homogenous connections
on 2-dimensional manifolds via group-theoretical approach. Central European J. Math. 2,1
(2004), 87-102.

Kowalski, O., Szenthe, J.: On the existence of homogeneous geodesics in homogeneous Rie-
mannian manifolds, Geom. Dedicata 81 (2000), 209-214, Erratum: Geom. Dedicata 84
(2001), 331-332.

Kowalski, O., Vanhecke, L.: Riemannian manifolds with homogeneous geodesics, Boll. Un.
Math. Ital. B(7) 5 (1991), 189-246.

Kowalski, O., Vlasek, Z.: Homogeneous Riemannian manifolds with only one homogeneous
geodesic, Publ. Math. Debrecen 62, 3-4 (2003), 437-446.

Kowalski, O., Vlasek, Z.: On the moduli space of locally homogeneous affine connections in
plane domains. Comment. Math. Univ. Carolinae 44,2 (2003), 229-234.

Kowalski, O., Vlasek, Z.: Homogeneous geodesics in homogeneous manifolds with affine
connections, preprint.

Marinosci, R.A.: Homogeneous geodesics in a three-dimensional Lie group, Comm. Math.
Univ. Carolinae 43, 2 (2002), 261-270.

Opozda, B.: A classification of locally homogeneous connections on 2-dimensional manifolds.
Differential Geometry and its Applications 21,2 (2004), 173-198 .

Philip, S.: Penrose limits of homogeneous spaces, J. Geom. Phys. 56 (2006), 1516-1533.



